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Abstract. In conformal geometry, the Compactness Conjecture asserts that the set of Ya- 
mabc metrics on a smooth, compact, asphcrical Ricmannian manifold (M,g) is compact. 
Established in the locally conformally flat case by Schoen [43l|44] and for n < 24 by Khuri- 
Marques-Schoen [55] , it has revealed to be generally false for n > 25 as shown by Brendle [5] 
and Brendle-Marques [SJ. A stronger version of it, the compactness under perturbations of the 
| Yamabe equation, is addressed here with respect to the linear geometric potential 4 ™~^ Scal s , 

Scal g being the Scalar curvature of (M,g). We show that a-priori L°°-bounds fail for linear 
perturbations on all manifolds with n > 4 as well as a-priori gradient L 2 -bounds fail for non- 
locally conformally flat manifolds with n > 6 and for locally conformally flat manifolds with 
n > 7. In several situations, the results are optimal. Our proof combines a finite dimensional 
' reduction and the construction of a suitable ansatz for the solutions generated by a family of 

^ ■ varying metrics in the conformal class of g. 
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1. Introduction 



< 

r-| ■ Letting (M,g) be a smooth, compact Riemannian n-manifold, n > 3, we are concerned 

with the so-called Yamabe equation 

A g u + a n Scal 5 u = cu 2 ~ , m>0 in M , (1.1) 

where A g := — div 9 V is the Laplace-Beltrami operator, a n := ^~ 2 ^ , Scal 9 is the Scalar 
curvature of the manifold, 2* = is the critical Sobolev exponent, and c£l. The geometric 
f — ! problem of finding a metric g in the conformal class [g] = {(pg : <f) G C°°(M), > 0} of g 
0\ ; with constant Scalar curvature is equivalent to solving (11. ip through the setting 7j = w 4//(n ~ 2 )g. 
The constant c can be restricted to the values —1/1 or depending on whether the Yamabe 
invariant 



2— n 



H 9 (M) = inf Vo\g (M)~ / Scaly di^ 



of (M, g) has negative/positive sign or vanishes, respectively, where Volgr (M) is the volume of 
X i the manifold (M, g). 



The Yamabe problem, raised by H. Yamabe [19] in '60, was firstly solved by Trudinger p£8] 
when /x 9 (M) < 0. In this case, the solution is unique (up to a normalization when /x 9 (M) = 0). 
Aubin [3] then solved the Yamabe problem in the non-locally conformally flat (non-l.c.f. for 
short) case with n > 6, and Schoen [12] solved it in the remaining cases of low dimensions 
3 < n < 5 and locally conformally flat (l.c.f. for short) manifolds. In this paper, we restrict 
our attention to the case where (M,g) has positive Yamabe invariant /i 9 (M) > 0, and we set 
c = 1 in (Qjl . 
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After the complete resolution of the Yamabe problem, one can attempt to describe the 
solution set of (11.11) . A well-known conjecture claims the compactness of Yamabe metrics 
for manifolds (M,g) which are not conformally equivalent to (S", go) ((M,g) ^ (S n ,go) for 
short), namely the convergence, up to a subsequence, in C 2 (M) of any sequence of solutions of 
equation fll.ip . Referred to in literature as the Compactness Conjecture, by elliptic regularity 
theory, it amounts to prove a-priori L°°-bounds on the set of solutions to fll.ip . In the basic 
example of the round sphere (§> n ,go), by the works of Lelong-Ferrand [28] and Obata [36] . 
the set of solutions of fll.ip is explicit and non-compact. The Compactness Conjecture arose 
after the work of Schoen [131111] who first proved it in the l.c.f. case, and also proposed a stra- 
tegy, based on the Pohozaev identity, for proving it in the non-1. c.f. case. The Compactness 
Conjecture has been then proved in the low- dimensional case by Li-Zhu [32] for n = 3, by 
Druet [2] for n < 5, by Marques [33] for n < 7, by Li-Zhang J3UJEI] for n < 11, and finally, 
by Khuri-Marques-Schoen [2B] for n < 24. Unexpectedly, the dimension n = 24, which arises 
in [20] as the maximal dimension for a suitable quadratic form to be positive definite, has re- 
vealed to be optimal by the counter-examples constructed in dimensions n > 25 by Brendle [8] 
and Brendle-Marques [9] . We also refer to the constructions by Ambrosetti-Malchiodi [1] and 
Berti-Malchiodi [7] in case of background metrics which have a finite regularity. All these 
constructions are made on (S n , g) with a metric g close to the round one go. 

Replacing the geometric potential a n Scab, in f 1 1.11) with a general potential k G C 1 (M) 
such that k(£) ^ ct n Scal 9 (£) for all £ G M, the Compactness Conjecture is esentially still 
true for solutions with bounded energy of 

A g u + ku = u 2 *" 1 , u>0 inM, (1.2) 

provided that n > 4, as shown by Druet [131 Section 4]. 

Towards a deeper understanding of the Yamabe equation, one can address a stronger version 
of the Compactness Conjecture. One can ask whether or not the compactness property is 
preserved under perturbations of the equation under exam, which is equivalent to have or not 
uniform a-priori L°°-bounds for solutions of the perturbed problem. This question has been 
introduced and investigated in Druet [EMU], Druet-Hebey [USDS], Druet-Hebey-Robert [IS] , 
and, under the name of stability, in Druet-Hebey [17] and Druet-Hebey- Vetois [19]. The 
aim of our paper is to establish non-compactness properties for linear perturbations of the 
geometric potential a n ScaL, in (II. II) . In case 3 < n < 5, Druet [H] obtained uniform 
bounds for solutions of fll.2p along potentials k £ < a^Scalg, k £ — > n in C 2 (M) as e — > 0, 
with (M,g) ^ (E> n ,g ) in case n = a„Scal 9 . The same result is strongly expected to be true 
in the l.c.f. case and generally for n < 24, and it is still true, as shown by Druet [T4], when 
n > 6 and k < a n Scal 9 . In dimension n = 3, Li-Zhu [3"2"l Theorem 0.3] have obtained uniform 
L°°-bounds in case n e < a n Scal 9 +?7o, for some r] > when (M, g) ^ (S n , g )- 

Let us briefly review the previous results of non-compactness for equations of type (11.21) . 
Apart from the trivial case of the Yamabe equation on (§ n , go); the first non-compactness result 
is due to Hebey-Vaugon [21] who proved that in the l.c.f. case with n > 4, there always exists 
g G [g] such that the equation AgU + a n maxM(Scabj)u = u 2 ~ 1 in M is not compact. Families 
of non-compact solutions have then been explicitly constructed on (§ n , <? ) by Druet [13] and 
Druet-Hebey [32] for linear perturbations of the potential k = a n ScaL, when n > 6 and in 
case n > a n Scal 9 when n = 6 (see also the survey paper by Druet-Hebey [TB] for the case 
of quotients of (E> n ,g )). When (k — a n Scal 3 ) is a positive constant, on (M,g) = (§ n ,g ), 
Chen- Wei- Yan [12] have constructed infinitely many solutions with unbounded energy when 
n > 5, and Hebey-Wei [25] have constructed non-compact solutions with bounded energy for 



THE EFFECT OF LINEAR PERTURBATIONS ON THE YAMABE PROBLEM 



3 



an infinite number of constant n in case n — 3. Concerning the potential n = a n Scal 9 , so far, 
the only available examples of non-compact solutions for (11. ip and its linear perturbations are 
in the case of (§ n , g), with g close to g and k = a n Scal 9 by Ambrosetti-Malchiodi [T], Berti- 
Malchiodi [7J, Brendle [5], and Brendle-Marques [§], or with g = g and k close to a n Scal 9o 
by Druet [13] and Druet-Hebey [TJ] (see also Druet-Hebey [TB] for the case of quotients of 
(§ n ,<7o))- 

In this paper, for n > 4, we exhibit the general failure of compactness properties for 

A^w + {a n ScaL, -\-eh)u = u 2 -1 , u>0 in M, (1.3) 

where /i is a C 1 or C°' a -function in M, a G (0, 1), with maxjvf h > and £ > is a small 
parameter. As a by-product, we obtain that the Compactness Conjecture completely fails 
down under the effect of linear perturbations (with the correct sign) of the Yamabe equation 
(II. ip on every manifold (M,g) with n > 4 (but it is still true for n = 3 by Li-Zhu |32j). 
Our results, together with those by Druet [133113], give a sharp picture of the situation. Even 
more than the failure of a-priori L°°-bounds, we show that a-priori gradient L 2 -bounds fail for 
non-locally conformally flat manifolds with n > 6 and for locally conformally flat manifolds 
with n > 7. 

To be more precise, we say that a family (u e ) of solutions to equation (II. 3p blows up at 
some point £ £ M if there holds sup v u £ — > +oo as e — > 0, for all neighborhoods U of ^ i n 
M. Let E : M ->■ (-oo, +oo] be defined as 

s( } = f /i(0 if n = 4, 5 or (M, ^) Lei. (1 4) 

1 h (0 IWeyL 1 if n > 6 and (M,^) non-l.c.f. 

with the convention that 1/0 = +oo. Here, is defined in (ll.5p and Weyl 9 is the Weyl 
curvature tensor of the manifold. In dimensions n = 3,4,5 or if the manifold is l.c.f., up to 
a conformal change of metric (depending on £ G M), the Green's function G 9 (-,£) has an 
asymptotic expansion of the form 

G g (exp € y, £) = |y| 2 ^ + A 5 + O (|y|) (1.5) 

as y — > 0, where /3 n := (n — 2) w n _i, w n _i is the volume of the unit (n — l)-sphere, and G R, 
see Lee-Parker [27]. The geometric quantity depends only on the manifold (M,g) and the 
point £, is smooth with respect to £, and can be identified with the mass of a stereographic 
projection of the manifold with respect to £. We refer to Lee-Parker [27] for the definition 
of the mass and a discussion about its role in general relativity. In particular, for manifolds 
(M, g) ^ (S n , go), in case n = 4, 5 and in the l.c.f. case with n > 6, we have that A^ > by the 
result of Schoen-Yau [45ll4*6] . and thus E(£) < +oo for all £ G M. In the non-l.c.f. case with 
n > 6, we have that Weyl 9 ^ 0, and thus E(£) ^ +oo. Our first result concerns the existence 
of solutions blowing-up at one point and reads as: 

Theorem 1.1. (existence of solutions with a single blow-up point in case n > 4) Let 

(M,g) 7^ (§> n ,g ) be a smooth compact Riemannian manifold with n > 4 and /U S (M) > 0, and 
h G C°' a (M), a G (0, 1), be so that max M h > 0. In the non-l.c.f. case with n > 6, assume 
in addition that min{| Weyl 9 (£)| 9 : h(£) > 0} > 0. Then for e > small, equation (11.31) has 
a solution u £ G C 2,a (M) such that the family (u e ) blows up, up to a sub-sequence, as e — > 
at some point £ so that E(£q) = max^ E. 

Let us mention that the Compactness Conjecture does hold for (11.11) when n > 6 as soon as 
| WeyL(£)| > for all £ G M, as it follows by Li-Zhang [30] and Marques [33]. The following 
result concerns multiplicity of solutions with a single blow-up point. Isolated critical points of 
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E with non-trivial local degree include non- degenerate critical points of E. The result reads 
as: 

Theorem 1.2. (multiplicity of solutions with a single blow-up point in case n > 4) 

Let (M,g) ^ (§ n , g ) be a smooth compact Riemannian manifold with n > 4 and /i 9 (M) > ; 
and h G C 1 (M). For any isolated critical point £ of E with non-trivial local degree and 
h(£,o) > 0, for e > small, equation (jl.3p has a solution u £ G C 2 ' a (M), a G (0, 1), such that 
the family {u e ) e blows up, up to a sub-sequence, at £ as e — > 0. 

As already said, by the result of Li-Zhu [32], such blowing-up solutions as in Theorems 11.11 
and 11.21 do not exist in dimension n — 3. The last results, Theorems II .3[ [L4"t and 11.51 below, 
claim the existence of solutions which blow up at more than one point. The first result concerns 
the non-l.c.f. case with n > 6 and reads as: 

Theorem 1.3. (existence of solutions with more than one blow-up point in the 
non-l.c.f. case with n > 6) Let (M,g) be a smooth compact non-l.c.f. Riemannian manifold 
with n > 6 and n g {M) > 0. Let k > 2 be an integer and h k G C 0,a (M), a G (0, 1), be so that 
the set {£ G M : h k (£) > 0} has k connected components Ci,...,C k and min{| Wejl g (^)\ g : 
h(0 > 0} > 0. Then, fore > small, equation (II. 3p has a solution u^^ G C 2,a (M) such that 
the family (wfc )£ ) blows up, up to a sub-sequence, as e — > at k distinct points (^o) 1 , . . . , (^o)fc 
so that 

1 — ; — — — Illd-X. "j ■ — — 

|Weyl g ((£o)i)| g |Weyl ff (0| g 
for all j = 1, . . . , k. Moreover, there holds limfc_ s . +00 lim sup e ^ UVu^eH^/^ = +oo. 

Each blow-up point (£o)j, j = 1 , . . . , A: , in Theorem 11.31 maximizes the same function E as 
in Theorem 11.11 for single blow-up points. On the contrary, in the remaining cases, there is a 
strong interaction between the blow-up points, and these are not anymore related to maximum 
points of the function E defined in (11 .4p . Concerning the l.c.f. case with n > 7, we prove the 
following result: 

Theorem 1.4. (existence of solutions with more than one blow-up point in the 
l.c.f. case with n > 7) Let (M,g) ^ (E> n ,go) be a smooth compact l.c.f. Riemannian manifold 
with n > 7 and /x s (M) > 0, and h G C 0,a (M), a G (0, 1), be so that maxM h > 0. Then for 
any integer k > 2, for e > small, equation (11. 3p has a solution Uk, £ G C 2,a (M) such that 
the family (wfe, £ ) £ blows up, up to a sub-sequence, at k distinct points (£o) x , • . . , (£o) k in- M as 
e — > 0. Moreover, there holds lim fc _j, +00 lim sup e _;. llVw^ell^ny) = +oo. 

The location of £ = ((£o)i > • • • > (£o)jJ m Theorem 11.41 is related to maximum points of a 
"reduced energy" given in (15. ip . and the assumption n > 7 guarantees that such "reduced 
energy" achieves its maximum value. 

Our last result, Theorem 11.51 below, concerns the l.c.f. case for n = 6. This case reveals 
to be even more intricate than the case of higher dimensions. For any integer k > 2, define 
A k := . . . ,60 G M k : & = for i ^ j}. For any £ := . . . G M k \A k , let 
be the symmetric k x k matrix with entries 

^•HS te , y Vi'A (L6) 

where A^. is as in (II. 5p . When A k ^ is invertible, let E k : M k \A k — > R be defined as 

E k ($):=(H(£),A-^.H(Z)), (1.7) 
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where H (£) := (h (£1) , . . . , h (£&)) and (■, ■) is the Euclidean scalar product. Here, contrary to 
the situation with k — 1, the definition of E k (£) allows to consider the case (M,g) = (E> n ,g ). 
In this case, A k ^ has all entries equal to zero on the diagonal. In particular, when k = 2 or 
3, observe that A k £ is invertible, and thus E k (£) is well-defined, for all £ G (S n ) k \A k . Our 
result in the l.c.f. case with n = 6 reads as: 

Theorem 1.5. (existence of solutions with more than one blow-up point in the 
l.c.f. case with n — 6) Let (M,g) be a smooth compact l.c.f. Riemannian manifold with 
n = 6 and /i 9 (M) > 0, and h G C 1 (M). Lei k > 2 be an integer, and assume that E k has 
an isolated critical point £ := ((£o)i , • • • , (£o)fc) with non-trivial local degree and A~\ .H (£ ) 

has positive coordinates. Then for e > small, equation (11.31) has a solution u kj£ G C 2,a (M), 
a G (0, 1), such that the family (u kt£ ) £ blows up, up to a sub-sequence, at {Co) 1 , • • • , (£o)fc as 

Contrary to the assumptions in the previous theorems, here it seems unclear in general 
when the function E k admits an isolated critical point with non-trivial local degree. An 
easy situation where we can construct h and £ satisfying the assumptions in Theorem 11.51 
is the case k = 2 on the round sphere (§ n ,go). Indeed, in this case, we find that E 2 (£) = 
2h (£i) h (£2) G go (£1, £2) _1 for all £ = (£1,62)) £1 7^ £2, which has always a maximum point 
in (§ n D {h > 0}) 2 \ A 2 provided that maxA/ h > 0. It is clear that the maximum point is 
non- degenerate for several h's (in a generic sense). 

Let us finally compare problem (II. 3p with its Euclidean counter-part on a smooth bounded 
domain Q C M n , n > 4, with homogeneous Dirichlet boundary condition 

Aeuc\ u + An = n 2 _1 in fi, n > in Q, u = on <9f2. (1-8) 

For A > 0, a direct minimization method (for the corresponding Rayleigh quotient) never 
gives rise to any solution of (jl.8p . and moreover, no solution exists at all if Q is star-shaped 
as shown by Pohozaev [38J. Moreover, following the arguments developed by Ben Ayed- 
El Mehdi-Grossi-Rey [5], problem (11.81) has no solutions with a single blow-up point as A — > + . 
The effect of the geometry, which is crucial to provide a solution for the Yamabe problem 
(corresponding to A = in (11.8)) ) by minimization, is also relevant to producing solutions of 
(II. 3p (corresponding to A — > + in (11.81) ) with a single blow-up point as stated in Theorems ll.il 
and 11.21 On the contrary, Theorem 11.41 has a partial counter-part on domains with nontrivial 
topology, see Musso-Pistoia [M] and Pistoia-Rey [37]. When A < 0, solutions of (jl.8p can be 
found by direct minimization as shown by Brezis-Nirenberg [TU], and exhibit a single blow-up 
point as A — > as shown by Han [23J, in contrast with the compactness property proved 
by Druet [13]. Solutions of (11.81) with a single blow-up point, see Rey [391 HQ], an d with 
multiple blow-up points, see Bahri-Li-Rey [1] and Musso-Pistoia [35], as A — > 0~ have been 
constructed in a very general way. Since the manifold with boundary (f2, dx) is l.c.f., notice 
that the Green's function G(-,£) still has an asymptotic expansion of the form (II. 5p . but the 
constant is always negative in this case. The different sign of A^ is the analytical reason 
of the completely different picture we have for equations (11.31) and (II. 8p . 

The paper is organized in the following way. In Section [2] we describe the perturbative 
method we use to attack existence issues of blowing-up solutions. We describe the main steps 
of such an approach, leading to the general result Theorem 12.41 and we deduce from it our 
main results concerning solutions with a single blow-up point. A crucial point is to produce a 
suitable ansatz for the solutions. Inspired by the approach of Lee-Parker [27] , which unifies the 
previous constructions of Aubin [3] and Schoen [42] in the resolution of the Yamabe problem, 
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we build up general approximating solutions W e ,t,£ for (11. 3p which approximation rates are 
evaluated in Section |3j An important point here is that we allow the metric g to vary in 
the conformal class so to gain flatness at each point £ G M. An alternative, less geometric 
approach can be devised in the non-l.c.f. case, see Esposito-Pistoia-Vetois [2D], by keeping 
g fixed and slightly correcting the basic ansatz via linearization so to account for the local 
geometry. Thanks to the solvability theory of the linearized operator for (|1.3p at W e ,t f , we are 
led to study critical points of a finite-dimensional functional J e (£,£)• A key step is to obtain 
an asymptotic expansion of J E (t,£) and to identify a "reduced energy" as the main order term. 
This step is performed in Section |4] in C°-sense and completes the proof of Theorem 11.11 In 
Section [5] we investigate the existence of solutions with k blow-up points, yielding to the 
proofs of Theorems II. 3[ [L~4l and 11.51 The C -"--expansion of J £ (£, £) is addressed in Section [6] 
completing the proof of Theorem 11.21 The appendix is devoted to some technical issues. 

Acknowledgments: this work has been initiated and partially carried out during the visits 
of the third author to the University of "Roma La Sapienza" in November 2009 and to the 
University of "Roma Tre" in November 2010. The third author gratefully acknowledges the 
hospitality and the financial support of these two institutions. 

2. Scheme of the proof 

In this section, we aim to give the scheme of proof for Theorem 12.41 below. First, let us set 
some notations. We denote the conformal Laplacian of the manifold by 

L g := A g + a n Scab, , (2.1) 

where a n := 4 ,"~ 2 ^ . The conformal covariance of L g expresses as 

Lg((f)) = u-^-^Lgiucf)) V0 G C 2 (M), (2.2) 

for all g = u T ~ 2 g in the conformal class [g] of g. We assume that the manifold has positive 
Yamabe invariant, which is equivalent to assuming the coercivity of L g . We let Hf (M) be 
the Sobolev space of all functions in L 2 (M) with gradient in L 2 (M ) equipped with the scalar 
product 

(u,v) L := / (Vit, Vi>) dv g + a n / Scal fl uvdv g , (2.3) 

9 JM JM 

where dv g is the volume element of the manifold. We let ||-|| L be the norm induced by (•, -) L . 
For any u G L q (M), we denote the L 9 -norm of u by ||u|| := ( J M \u\ q dv g ^ q . We define 

1 /2 

IMI12 := (11^^112 + IMI2) • coercivity of L g , we get that the norms and ||-|| 12 are 

equivalent. 

We let i g be the injectivity radius of the manifold (M, g). By compactness of M, we get that 
there exists a positive real number r such that r < i g . In case (M,g) is locally conformally 
flat, there exists a family (g^)^ eM of smooth conformal metrics to g such that g% is flat in the 
geodesic ball {tq). In case (M,g) is not locally conformally flat, we fix N > n, and we 
provide ourselves with a family (g^)^ eM of smooth conformal metrics to g such that 

|exp*^|(y) = l + 0(| y n (2.4) 

uniformly with respect to £ G M and y G T^M, \y\ 1, where |exp| ^| is the determinant of 
g^ in the geodesic normal coordinates of g% at £. Such coordinates are said to be conformal 
normal coordinates of order N on the manifold. Here and in the sequel, the exponential map 
exp^ is always intended with respect to the metric g%. We refer to Lee-Parker [27] for a proof 
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of the existence of conformal normal coordinates of any finite order, see also the later proofs by 
Cao [11] and Giinther [22] of the existence of conformal normal coordinates which are volume 
preserving near a given point (with no remainder term in (12.41) ). For any £ £ M, we let be 
the smooth positive function in M such that g% = A 2 . ~ 2 g. In both cases (locally conformally 
flat or not), the metric g% can be chosen smooth with respect to £ and such that A% (£) = 1 
and VA^ (£) = 0. We let G g and G g( be the respective Green's functions of L g and L g . Using 
the fact that A i (0 = 1, b Y (Q, we find that 

G g (;0=As(-)G g( (•,£). (2.5) 

By compactness of M and since g% is smooth with respect to £, decreasing if necessary the 
real number ro, we may assume that tq < z 9e for all £ £ M, where is the injectivity radius 
of the manifold (M, g^). For e > small and for any £ > 0, we define 

' if n — 4 

. . te^* if n = 5 or (n > 6 and (M,g) l.c.f.) 
t> s (t) := < _ (2.6) 
t£ (e) if n = 6 and (M,g) non-1. c.f. 

k tV^ if n > 7 and (M, #) non-1. c.f., 

where £ : (0, e~ 1/2 ) -> (0, e" 1 / 2 ) is given by £ (5) := -5 2 In 5, and 5 e := <5 £ (1). For e > small 
and for any i > 0, £ £ M, inspired by the approach of Lee-Parker [27], we define W et ^ in M 
by 

%(i)=G 9 (^)%W, (2.7) 

with 

^ f if^(x,o<r 

{ (3 n 5e W~ r n ~ 2 U (5 £ (ty 1 r ) if d 9? (x, > r , 

where (3 n = (n — 2)o;„_i, ca„_i is the volume of the unit (n — l)-sphere, 5 e (t) is as in (12.61) . 
and 

n — 2 

nr)~(&^)'. (,9) 

The function {/ generates a family Ug(r) = 5^~U(5~ 1 r), 5 > 0, of radial solutions of the 
equation Ae uc i^ = U 2 *" 1 in M. n , where Ae uc i := — divEuci V is the Laplace operator with 
respect to the Euclidean metric. With these definitions, by (12. 5p . we observe that W e> t£ 
rewrites as 

W eM = A^ n G ge (x,^d g$ (x^r- 2 }U Se{t) (d g( (x,0) 
for all x £ M such that d 9i (x, £) < tq. 



Let us spend few words to comment on the choice of W Ej t,£- Since, by Lemma \A.1\ the 
function f3 n G g( (x,^)d gi (x,^) n ~ 2 is very close to 1 as x — > £, we have that Vt^t^ is a small 
correction of A^Us £ (t)(d gi (x, £)) near £. Since, by (12.21) . we have that 

L g (AsU Se{t) (d gi (x,m = Af-'L^Us^id^O)) 

in view of the flatness of g% at £ (see (12 .4p ) and AEucif<5 = U 2 _1 in R n it is natural to expect 
that W £) t£ is a very good approximating solution to (II. 3p near £. Away from £, the function 

n — 2 n~2 

W E) t,^ behaves like /3 n [n(n — 2)]^5 £ (t)^~G g (x, £), which is still a good approximating solution 
to (11.31) in that region. 
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We define V Q ,...,V n : R n — >• R by 

Vo(y):= , M and Vi(y):= Vi - (2.10) 

for all y G M n and % = 1, . . . ,n. By Bianchi-Egnell [6], any solution v G -D 1 ' 2 (lR n ) to the 
equation A Euc it> = (2* — 1) U 2 *~ 2 v is a linear combination of the functions V , . . . , V n . We let 
X be a smooth cutoff function in R + such that < \ < 1 in R + , x = 1 in [0,r /2], and 
X = in [r ,oo). For e > small and for any t > 0, £ G M, and u; G T^M, we define 
Z eM , Z : M -> R by 

Z £jt ^ (x) := G 9 (x, Z E)t ^ (x) and Z £)tj?)U; (x) := G g (x, (x) , (2.11) 

where 

ZeM (*) := PnX {d H (x, 0) 4 (*)^ (x, O"" 2 V (5 £ (t)" 1 exp^ 1 x) , (2.12) 

Z eM *> (x) := &nX (d g , (x,0) 4 0) V d g( (x,0 n ~ 2 (V (S £ (t)" 1 exp^ 1 x) ,u) g (2.13) 
with V (y) = (V 1 (y),..., V n (y)) for all y G T ? M = R n . We define 

# e ,^ := {XZ eM + Z eM v : A G M and uj G T 5 M} , (2.14) 
:= {0 G # 2 (M) : (0, Z eM ) Lg = and (0, Z eM „) Lg = for all u G T ? m} , (2.15) 

where the scalar product (•, -) L is as in (12. 3p . We let i7 £ ,t,§ and -^"^ be the respective 
projections of H\ (M) onto if e) t,£ and K^ t g. 

We intend to construct solutions to equation (II. 3p of the form 

u £ ■■= W eM + <p £ , 

where t > 0, £ G M, e G K^ t ^, and W £ ,t,f is as in (12. 7p . We re-write equation ( II .3p as the 
couple of equations 

n eM (W eM + - L~ l (f £ (W eM + 0))) = , (2.16) 

(w eM + - l; 1 (f £ (w eM + 0))) = , (2.17) 

where L g is as in (12. ip and 

f £ {u) := u 2 ;- 1 - ehu , (2.18) 

with u + = max(u,0). We begin with solving equation ( I2.17P in Proposition 12. 1^ a rather 
standard result in this context (see for instance Musso-Pistoia [35]) which proof is skipped for 
shortness. 

Proposition 2.1. Given two positive real numbers a < b, there exists a positive constant 
C = C (a, b, n, M, g, h) such that for e > small, for any t G [a, b] and £ G M, there exists a 
unique function <t> £ ,t,£ G K^ t , which solves equation ( I2.17P and satisfies 

Ue M \\l,2< C » ( 2 - 19 ) 

where R £ ,t£ '■= W £t t£ — L" 1 (f £ (W £)t ^)) ■ Moreover, 4>e,t,i is continuously differentiate with 
respect to t and £. 

In Proposition 12.21 below, we give a crucial estimate for ||i? e t ^|| 12 . The proof of Proposi- 
tion 12.21 is presented in Section |3j 
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Proposition 2.2. Given two positive real numbers a < b, there exists a positive constant 
C = C (a, b, n, M, g, h) such that for e > small, for any t G [a, b] and £ G M, there holds 



ee e 

5 
52 



ifn 



I -Refill 2 — C < 



e z I In £ 1 3 

n + 2 

£ 2(n-4) 



e 2 \hie\ 3 



(2.20) 



if n = 5 

if n = 6 and (M,g) l.c.f. 

if n > 7 and (M,g) l.c.f. 

ifn — 6 and (M,g) non-l.c.f. 

if n > 7 and (M,g) non-l.c.f. 

where R £ ,t£ is as in Proposition \2.1[ 

For e > small, we define J e : iff (M) ->■ K by 

J £ (m):=^ A IVm] 2 ,^ + ^ A (a n Scal g +e/i) w 2 cfo 9 - — A 
^ Jm * Jm * Jm 

For any t > and £ G M we define 

:= J £ (W eA £ + <t> eM ) , 

where 4> e ,t,^ is given by Proposition 12.11 We can solve equation (12.1 6p by searching critical 
points of J £ , as it follows from f l6.39p - fl6.40l) and fl6.52D - fl6.53p . To this aim, it becomes 
crucial to have the asymptotic expansion of J £ given by Proposition 12.31 below. The proof of 
Proposition 12.31 strongly relies on Propositions 12.11 and 12. 2[ and is presented in section HI 



Iwl 2 dv„. 



(2.21) 
(2.22) 



We define the "reduced energy" E : (0, 00) x M — > K. as follows 
E(t,0 = 



e-T( C2 th(0 -c 3 Az) 



if n = 4 

if n = 5 or (n > 6 and (M,g) l.c.f.) 



(2.23) 



c 2 ^M0 - c 3 t 4 WeyL (£) if n > 6 and (M, #) non-l.c.f., 



where C2, C3 > 0, Weyl 9 is the Weyl curvature tensor of the manifold and is as in fll.5p . 

Proposition 2.3. Let p G {0, 1} and assume that h G C 0,a (M), a G (0, 1), in case p = and 
h G C l (M) m case p = 1. Tnen £nere no/ds 

' S(t,0 + o(e-¥) z/n = 4 

e n - 4 E(t, £) + o (£«-' !) if n = 5 or (n > Q and (M,g) l.c.f.) 



e 2 (In i) x £(t, + o (e 2 (in ±) 1 ) i/ n = 6 and (M, a) non-/. c./. 



I e 2 E(t,0+o(e* 



ifn > 7 and (M,g) non-l.c.f. 



as s y , C p -uniformly with respect to £ G M and t in compact subsets of (0, 00) , where E is 
given by (I2.23P and c±, c%, C3 > depend only on n. 

We are now ready to state the following general result. 

Theorem 2.4. Let (M,g) 7^ (§ n ,go) be a smooth compact Riemannian manifold with n > 4 
and Hg(M) > 0. Let p G {0, 1} and assume that h G C 0,a (M), a G (0, 1), in case p = and 
h G C 1 (M) in case p = 1. Assume that there exists a C p -stable critical set T> C (0, 00) x M, 
p = 0, 1, of the function E. Then for e > small, equation (11.31) /ias a solution u £ G C 2 ' a (M), 
Va G (0,1) if p = 1, suc/i i/iai i/ie family (u £ ) e blows up, up to a sub-sequence, at some 
£0 ^ 7r (^ ) ) as e — > +00. i/ere, 7r : (0, 00) x M — > M is the projection operator onto the second 
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component. Moreover, when p = 1, £o is a critical point of E with h(£o) > 0, where E is 
defined in (11.41) . 

The notion of stability we are using is essentially taken from Li [29]. We say that a compact 
set T> C (0, oo) x M is a C p -stable critical set, p G N, if for any compact neighborhood U of 
V in (0, oo) x M, there exists 5 > such that, if J G C l {U) and \\J - E\\ CP ^ < 5, then J 

has at least one critical point in U . Since E depends on e when n — 4, the above assumption 
11^7 — ^Wcp(u) — $ nee ds to be interpreted in this case as: \J~(t,£) — E(t,£)\ < 5e~T for all 
(t, G U, when p = 0; \J(t, f) - £) | + e|<9 t ( J(t, - % 0)1 + I V $ ( J(t, £) - £(t, £)) | 5 < 
5e~T for all (t, £) G t/, when p — 1. Observe also that we do not require the set T> to be 
composed of critical points of E, as it would be intuitively reasonable. Indeed, we want to 
include the case where T> is given by almost critical points of E, as it arises for n = 4 in the 
proof of Theorem 11.11 However, since U can shrink onto T>, by compactness of T>, we have 
that T> contains at least one critical point of E. 



Proof of Theorem \2.4\ Let U be a compact neighborhood of the C p -stable critical set T> in 
(0, oo) x M, p — 0, 1. Given any 5 > 0, by Proposition 12.31 we have that J £ := /i~ 1 ( l 7 e — c\) 
satisfies \\J £ — E\\ CP ^ < 5 for e sufficiently small, where /x e = 1 if n = 4, /i £ := e™- 4 if n = 5 
or n > 6 and (M,g) l.c.f., /i £ := e 2 (lni) _1 if n = 6 and (M,g) non-1. c.f., /i £ := e 2 if n > 7 
and (M,g) non-l.c.f. By definition of a C p -stable critical set, p = 0, 1, it follows that J e has a 
critical point (t e ,£ e ) G £/ for £ small. Up to a subsequence and taking [/ smaller and smaller, 
we can assume that (i e ,£ e ) — )■ (io;£o) as e — > with £ G 7r(P). As already observed, we get 
that u £ = Wefe^e + 0e,t e ,? e lS a critical point of J e , and thus, by elliptic regularity, a classical 
solution of (ll.3|) . Since ||0e,i 6 ^ e || 12 — ^ 0; by definition of W^,^,^, it is easily seen that u £ > 
and ii 2 * — 51 K~ n S^ in the measures sense as e — > (see for instance Rey [10]), where K n is given 
by (14. ip and 5^ denotes the Dirac mass measure at £o- From very basic facts concerning the 
asymptotic analysis of solutions of Yamabe-type equations (see for instance Druet-Hebey [16] 
and Druet-Hebey-Robert [IS] ) we get that the family {u £ ) £ of solutions to (II .3]) blows up 
at the point £o as £ — >• 0. Finally, when p = 1, we can pass to the limit into the equations 
d t Je (t £ , £ e ) = and V^J £ (t e , £ e ) = as e ->• to get that h(£ ) > and V e £(£ ) = in view 
of to > 0, where -E 1 is given by (II. 4p . This ends the proof of Theorem 12.41 □ 

We now apply Theorem 12.41 to deduce Theorems 11.11 and 11.21 To this aim, given £ G M 
with h(£) > 0, define as 



*(0 := 



+ | if n = 4 



c 2 fc(0 1 2 

2c 2 fe(g) \ "- 4 



(n - 2 ) C3J 4 g ; if n = 5 or (n > 6 and (M, l.c.f.) ^ ^ 



2C3 Weyl,(0 



if n > 6 and (M,g) non-l.c.f. 



with the convention that 1/0 = +oo. One easily checks that every t (£) < +oo is a global 
maximum point of E in t. In the proofs of Theorems 11.11 and 11.21 below, we show that the 
C p -stable critical set T> in Theorem 12.41 can be constructed as T> := {(£(£),£) : £ G T>}, where 
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T> is a C p -stable critical set of £ i— > E(t with h > in T>. Since we have that 

2c 3 A ( 



mete) 



|c 2 e _1 /i(^)e "2 'mo if n = 4 

2 2=| n-2 

2 ^(n-4)cr _ Mfl^ if n = 5 or (n > 6 and (M, g) l.c.f.) f 2 25) 

(n-2)S=*c 3 ^ Af^ v ' ; 

A . ^(g) 2 

4c 3 |Weyl 9 (0" 



if n > 6 and (M,g) non-1. c.f., 



s 



the role played by the map E defined in ( II ,4p becomes clear. We prove Theorem II .11 as follows. 



Proof of Theorem ] l.li Notice that sup A/ E > in view of maxA/ h > 0. Letting (£fc) fceN be a 
maximizing sequence for E, by compactness of M, we can assume that — >• £ as fc — >■ +oo 
with /i(^fc) > for all fc. Since min{| Weyl 9 (£)| g : h(£) > 0} > in the non-1. c.f. case with 
n > 6, we have that (_E(^)) fc is bounded. Since then sup M £ < +oo, it follows that sup A/ E 
is achieved, and it makes sense to define V := {£ G M : = sup M .E} (possibly coinciding 

with the whole M if E is a constant function) as the maximal set of E in M. Correspondingly, 
define V := {(*(£), : f e £>}, where t(f ) is given by (l2~24j) and is well defined for all f G £> 
in view of /i > in T>. Moreover, £(£) is clearly bounded away from zero on T>, and thus the 
set D is a compact set in (0, oo) x M. To show that D is a C°-stable critical set, let U be 
a compact neighborhood of T> in (0, oo) x M. Taking U smaller if necessary, we can assume 

that U = {(£, : t G [£(£) — r),t(£) + rj], £ G U}, where rj > is small and U is a closed 
neighborhood of X> in M so that /i > in U. There hold 

• for n > 5, by the definition of t(£) and the simple relation between E(t(£), £) and E(£) 
(see ([HD and (12T25) ). we have that E(t(£)±ri,£) < < sup^E if £ G £/, and 
E>, < E(t(0,0 < supp E if* G [t(0 - V, + //] and £ G <9?7; 

• for n = 4, by the definition of E and we have that for any £ G [/, there holds 

E(t(£) ± r/,0 = E(t(0,£)e^(l ± — ) < supE 
when e is small, in view of e~~?(l + — ) — ?• and e~^(l — — ) — > — oo as e — > 0, and for 



any £ G [£(£) — 77, £(£) + 77] and £ G <9?7, there holds 

E(£,£)<E(£(£U)<supE 

2^3 A f / 2c 3 \ 

when e is small, in view of sup e "2 ™ = o I e «2 max M B J as e — >■ 0. 

In conclusion, by compactness of 

at/ = {(£, : t G {t(0 - 77, £(£) + 77}, £ G U} U {(*, : t G [t(0 - 77, t(f) + 77], £ G dU}, 

we get that sup a ^E < sup,gE. It follows that if \\J~ — E\\ c0 ,^ < 5, with 5 < |[sup,gE — 
sup QfjE], then we get that 

sup J < sup J . 

dU V 

Then J achieves its maximum value in U at some interior point of U, which is a critical point 
of J . It follows that D is a C°-stable critical set of E as desired. By Theorem 12. 4| we then 
get that for e > small, equation (II. 3p has a solution w £ G C 2,a (M) such that the family 
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(u e ) e blows up, up to a sub-sequence, at some £o £ tt(T>) as e — > +00. Moreover, by definition 
of T> , we get that E (£ ) = max^ i£. This ends the proof of Theorem 1 □ 

Since t(£) is a maximum point of in t, minimum points or saddle points of E provide 
critical points of E which in general are not C°-stable critical points of E. To cover these 
cases, we need to use Theorem 12.41 with p — 1. We assume that h E C 1 (M). We can still 
define C 1 - stable critical sets of E as in the case of (0, 00) x M, but in general they don't give 
rise to ^-stable critical sets of E. In M, we restrict the notion of (^-stability to isolated 
critical points of E with non-trivial local degree, which is still sufficiently general to include 
non-degenerate critical points of E. We prove Theorem 11.21 as follows. 

Proof of Theorem \l. 6 A We only need to show that the set V := {(t(£o)>£o)} is a C 1 - stable 
critical set of E, where i(£ ) > is well defined in view of h(£ ) > and Weyl 3 (£ ) 7^ when 
n > 6 and (M, g) non-1. c.f. To this aim, let U be any compact neighborhood of T> in (0, 00) x M 
and 5 > be any given small number. Taking U smaller if necessary, we can assume that 
U = I x B^ (ro), where J is a closed interval in (0, 00) containing t(£o) i n its interior and 
B^ (ro) is the geodesic ball of center £ and radius r with respect to g^ , with r < i g(o , the 

injectivity radius of the manifold (M,g^ ). For n > 5, the assumption \\J~ — E\\ cl ^ < 5 gives 
that 

I VJ (t, exp & 77) - VE (t, ex P?o 77) \ < S (2.26) 

as e — > 0, uniformly with respect to 77 E B (r ) and t E I, where V := (d/dt,V v ). Since 
£0 is a ^-stable critical point of with ft, (£ ) > 0, where E is given by (11.41) . we find that 
VE (t, exp^ o 77) has an isolated zero at (t(£o), 0). Since t(£o) is a non-degenerate critical point 
of t H- E (t, exp^ o 77) , taking U smaller if necessary, we also have that deg (VE, U,0j 7^ (see 
for instance [2 lj ) . It follows from (I2.26P that if 5 is small enough, then J has at least one 
critical point (t, £) G U. When n = 4, the assumption ||J7" — < 5 gives (by definition) 

that 

ee^ I <9 tl 7 (t, exp & 77) -d t E (t, exp ?o 77) | | V,, J (t, exp ?o 77) - V,,£ (t, exp & 77) | < C S (2.27) 
as e — > 0, uniformly with respect to 77 G -Bo (^0) an d t G /, for some C > 0. Letting 



^) = (-2c 2 t/i(exp & 77) + 2c 3 A cxp?o v , c 2 tV r? ft(exp Co 77) - c 3 V^A cxp?o 
and §(t,0 = ^(t.exp^O, by (pT2Tj) we deduce that 

(eeT^^exp^^J^TV^^exp^r?)) -V(t,r))\ < C 5 + 0{e) (2.28) 

as e — > 0, uniformly with respect to rj E B (r ) and t E I. Arguing as above, the map \P has 
an isolated zero at ( c ^|°) , 0) with deg (W, [/, 0) 7^ 0, and then by (12.281) . it follows that if 5 is 
small enough, then J has at least one critical point (t, E U. □ 



3. The error estimate 
This section is devoted to the estimate of R £ ,t,^- 
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Proof of Proposition ^. 2l All our estimates in this proof are uniform with respect to t £ [a, b], 
£ £ M and e £ (0, e ), for some fixed e > 0. We let r be as in Section|2j For any £ iff (M), 
an integration by parts gives that 

(l; 1 (f £ (w eM )) - w eM , 4>) Lg = J (fe (W eM ) - L g w eM ) <j>dv g 

■ I (d^W £M + d Uout W eM )cj>da g , (3.1) 

where dB^ (r ) is the boundary of the geodesic ball with respect to g% of center £ and radius 
ro, d Uin and d Uout are the derivatives with respect to the respective inward and outward, unit, 
normal vectors to dB^ (ro), and da g is the volume element on dB^ (ro). By Sobolev's and 
trace's embeddings, it follows from (13. ip that 



\l- x {f £ (w £M )) - w £M \\ 1>2 = o ( ||/ e (w BAf ) - l 9 w £ , 



t £ II 2". 



+ ll<,»',« + ^,.»',«ll 1 ^ 1 l (8B(M) ). (3.2) 



Regarding the second term in the right hand side of (13. 2p . on dB^ (ro), we find that 

d 
dr 



d„ in W £M + d Uont W eM = (3J £ (t)^ G g (-,0 {r n - 2 U(5 e (t)- l r)) 



r=ro 



= (n - 2)^ fl.G, (,{) * "> ' r S~. = O («t)f ) . (3.3) 

Regarding the first term in the right hand side of (I3.2p . we observe that in M \ B^ (r ), there 
holds 

f e (W eM ) - L g W eM = f £ (W eM ) = O (^(t) 2 * 2 + e^C*) 2 ^) (3.4) 

in view of 

W eM = /3 n 6 £ (t)^rr 2 U (SM^ro) = 0(S £ (t)^) 

and L g G g {-,^) = 0. By conformal covariance (12. 2p of L g and by (12. 5p . in £>£ (r ), we can write 
that 

fe (W £M ) - L g W £M = Af- 1 [(G g( (•, W £M f~' - L 9i (C7 5e (•, W, M )] - ehW eM . (3.5) 
Since W E)t £ (£) = and L gi G 9i (•,£) = 5$, we get that 

L 9i {G 9( (•, W £M ) = G 9i (•, A g ^W £M - 2{VG 9i (■,£), W,^ . (3.6) 

Since W E) t^ o exp^ is radially symmetrical in B (r ), writing A fl£ W £j i^ (exp^y) in polar coor- 
dinates, by (12 .4p . we find that 

A gs W £M (ex P? y) = A Eucl (M? )t ^ o exp ? ) (y) + O (jy^ 1 | V ( W eM o exp ? ) (j/) |) 

- aa (tr- iyr a r/ (^-) 2 " - ( „ - 2 )^ ? ' At) T lyl Z- 

\W)J {S e (t) 2 + \y\ 2 y 

' r I iV+n-4' 

+ 0| ^ (f> - |y| . | (3.7) 
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uniformly with respect to y 6 Bq (tq), in view of Ae U c1^ = U 2 1 in W 1 . Moreover, since 
W £) t£ o exp^ is radially symmetrical, we get that 



VG 95 (exp € y, £) , VW eM (exp € y) )^ = d r [G 9i (exp 5 y, £)] d r [W eM o exp ? (y)] 



n+2 



d r [G gs (exp, y, £)] (n - 2)^ ft, 4 (t) ' g_ ( 3 .8) 

(^(*) 2 + M 2 ) 2 



for all y E B Q (r ). Inserting ( 13. 7p and (13. 8p into (13. 6p . we get that 



n+2 



L 9 ,(G 9( (;Z)W eM )(expty) = P n G 9( (exp c y,£) \y\ n - 2 6 e (t)"— C/ (5 £ (ty 1 y) 



,2*-l 



n+2 



2n^ (n - 2)^ /3 n ((n - 2)G 9i (exp f y,£) + |y|<9 r (exp f y,£)]) ^ £ (t) - M 



n— 4 



Ol^gggi (exPty.Qlyl^- 4 ^ (39) 



in i?o (ro). Using Lemma \K.1\ by ( 13. 9 p we find that 



(G 9e (exp ? y, f ) (exp ? y) ) - L 9e (G^ (■ , f) W eAf ) (exp ? y) 

fO(|yr 4 ) if n = 4, 5 or (M, y) l.c.f. 



X 



0(|y| 2 ln|y|) if n = 6 and (M, g) non-l.c.f. (3.10) 



o(M 2 ) 



if n > 7 and (M, g) non-l.c.f. 



in Bq (ro). It follows from (I3.10p that 



B £ (r ) 



^n-2 



(C7 35 (•, W^f" 1 - L, t (G flc (•, W eM ) 



2n 
n+2 



dv r , 



5 £ (t) n (ir 



/ 2n -i I n(n — 6) i 

O r»+ 2 + "+ 2 1 if n = 4, 5 or (M,g) l.c.f. 

0(r 8 |lnr|) if n = 6 and (M,g) non-l.c.f. 

/ 2n 2 i n(n-6) \ 

O ( r™+ 2 ™+ 2 J if n > 7 and (M, y) non-l.c.f. 
if n = 4, 5 



x < 



o (5 £ (t) 2 + r 2 )—* 



2n(n — 2) 

4(4)^ 



0(5 £ (t) 6 |ln4(t)|) 
O (*.(*)») 

o(<5 £ (t) 6 |ln5 £ (*)| 2 



0(5 £ (t)^ 



if n = 6 and (M, g) l.c.f. 
if n > 7 and (M, y) l.c.f. 

if n = 6 and (M, y) non-l.c.f. 
if n > 7 and (M, y) non-l.c.f. 



(3.11) 
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Moreover, by Lemma IA.ll we find that 
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\hW eM \ n+2 dv g = O 



n(ra — 2) 

6 £ (t) ™+ 2 r n ~ 1 dr 

nfa— 21 

o (S £ (t) 2 + r 2 ) ™+ 2 



By dMD, dSHJ), pi) , and (13~12]) . we get that 



/ n(n-2) \ 

0(4(t)Vj ifn = 4,5 

0(5 £ (t) 3 |ln4(t)|) ifn = 6 

0[5 E (t)^) ifn>7. 

(3.12) 



)- 


LgW e ^\\^n_ 

ra + 2 











if n 


= 4,5 





[5 £ {t) A \\n5 £ {t)\He5 £ {tf\\n5 £ {t)\^ 


if n 


= 6 and (M, g) l.c.f. 





(s e {t)*P + e8 £ {tf) 


if n 


> 7 and (M,g) l.c.f. 





[5 £ {tf\\n5 £ {t)\^ +e5 £ {t) 2 \\n5 £ {t)\^ 


if n 


= 6 and (M, (?) non-1. c.f. 





(6 £ (t) 4 + e8 e {tf) 


if n 


> 7 and (M, (?) non-1. c.f. 



(3.13) 



Finally, fl2~20|) follows from flM]), Q, and ( 13~T3|) in view of fl3J2]). This ends the proof of 
Proposition O □ 



4. The reduced energy 



In Lemma SUJ below, we give an asymptotic expansion of J £ (W £)t ^) as e — > 0, where J £ is 
given by (12.211) . We let K n be the sharp constant for the embedding of D 1 ' 2 (M. n ) into L 2 * (R n ). 
It has been proved independently by Rodemich [41], Aubin [2], and Talenti [47] that 



n (n — 2) U; 



2/n 



(4.1) 



where cj n is the volume of the unit n-sphere. 



Lemma 4.1. We let K n be as in (14.11) . Weyl ff be the Weyl curvature tensor of the manifold, 
and for any £ G M , we let be as in (11. 5p . As e — > 0, the following expansions do hold: 

(i) when n = 4, 

Je{W eM ) = ^ 4 + 4u 3 h(OeS £ (t) 2 \n^ - 4(3lA ( 8 £ (t? + h-o.t, (4.2) 

(ii) when n = 5 or (n > 6 and (M,g) is l.c.f.), 

Je (W £M ) = X -K- n + [n{n - 2)]^ ( ^"J-I) MO^(t) 2 - f ^5 £ (0"" 2 ) + (4-3) 

(iii) when n = 6 and (M,g) is non-l.c.f., 

Je(W eM ) = l -K^ + 15u (i h({)e5 £ (t) 2 -|a; 6 |Weyl fl (0|^ e (*) 4 ln^y + ^o.*., (4.4) 
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(iv) when n>7 and (M,g) is non-l.c.f., 

+ h.o.t. (4.5) 

uniformly with respect to £ G M and t in compact subsets of (0,oo), where h.o.t. stands for 
a term which is asymptotically smaller than one of the previous terms in the expansion as 

Proof. All our estimates in this proof are uniform with respect to £ G M, t in compact subsets 
of (0, oo), and e G (0, Sq) for some fixed So > 0. Since W Ej t,£ is a constant and L 5e G 9? (-,£) = 
in M \ £ € (r ), by Q22J and (J23D, we get that 

/ \VW eM \ 2 dv g + a n / Scal ff W^^dup 

= / (L s W eA€ ) W.,^dt; s + / (d^W £M + d„ out W £M )W £M da g 

JM JdB ( (r ) 



M 



L 9 ,{G 9s (-^)W £M )G gs (;0W £M dv g( + O (5 £ (t) n ) 
L 9i (G g( (-,C)%t4)G g( {-,0We M dv gi + O (5 £ (ty 



in view of (13.31) and W E ^ = O (5 e (£)™ 22 ) on <9.E?£ (ro). In the estimates below, we make use of 
(ESD alon g with Lemma [OJ and 



n — 2 



(5 £ (t)2 + ^(x,0 2 )^ 
for all x E (r ). When n = 4, 5 or (M, g) is l.c.f., we can deduce that 



n — 2 



\VW £M \ dv g + a n Scal g W* M dv g = ~[n(n - 2)Yuj n ^I n 2 

M JM 

(n - 2)5 /3 n u n ^- 2 A^6 £ {t) n ~ 2 + O {5 £ {t) n - 1 ) , (4.6) 

where we denote H := J + °° (1 + r)~ p r q dr for all p, q such that p — q > 1, and we use that 
H = — 2— tH" 1 = — — r/5, i . Concerning the remaining cases, we find that 

P p— q— 1 P p— q— 1 P+ 1 ° ° ' 

/ \VW £M \ 2 dv g + a n [ Scalp iy £ \ s ^p = 6912a; 5 / 6 2 (4.7) 

JM JM 

- ^ 5 / 6 4 | Weyl, (0 \]5 £ (tf\n5 £ (t) + O (5 £ (t) 4 ) 

when n = 6 and (M,g) is non-l.c.f., and 

/ \WW £M \ 2 dv g + a n [ Scalp W^d^ = \[n{n - 2)]t Wn _ 1 J n ^ (4.8) 



2 



-+2 / WeyL(0 \ 
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when n > 7 and (M, g) is non-1. c.f., in view of symmetry properties. Now, we estimate the 
term 



M 



'9n 

M 

n(n — 2)]" 



at 



B (r ) 



[/^(exp^Obr 2 ] 



21 2* 



{m 2 + \y\ 2 y 



; dy + 0(S £ (ty 



in view of (12 .4p . By Lemma [A. 11 we get that 



W eM dv 9 = 7jWn- 2 )] '^n^ll 



M 



n-2 
2 



(4.9) 



( n+z , 

n 2 [n 
72 



2)— p n u n _JZ~ 2 A& (*) + O {Seitr- 1 ) if n = 4, 5 or (M, <?) Lei. 



^a; 5 J 6 4 |Weyl 9 (0|^(t) 4 ln5 e (t) + O(5 £ (t) 4 ) if n = 6 and (M, g) non-l.c.f. 



+ < 



n 2 (n — 2) ■ 



n + 2 



48(n-4)(n- 1 
1 



-W n _i/ n 2 <5 £ (t) 



WeyL (0 



n 



12 (n - 6) 

A Euc i(Scal, ? oexp ? )(0) | + O (5 £ (t) 5 ) 



if n > 7 and (M,g) non-l.c.f. 



by using symmetry properties when n>7 and (M,g) is non-l.c.f. Moreover, we find that 



M 



- 8u 3 h (0 5 £ (tf In 5 e (t) + O (5 £ (t) 2 ) if n = 4 

; [n(n - 2)]— oj^J^h (0 5 e (t) 2 + O (<S 6 (t)3) if n > 5 



(4.10) 



as e — >■ 0, in view of A^) = 1, (12. 4p . and Lemma [A. II Successive integrations by parts give 
that 

U " rn-2 



n — 2 

T 2 



and (if n > 5) 



/" 2 

J n-2 



2"~ 1 U; n _ 1 ' n 71 - 1 ' 

(n - 1) w n n±2 _ 7i (n + 2) ca n 

-in 



2 n-3 ( n _ 4 ) 



2"- 1 (n - 2) (n - 4) w n _ 



(4.11; 



(4.12) 



Moreover, for any £ G M, since ^ defines conformal normal coordinates of order A^ > 5, see 
Lee-Parker [271 Theorem 5.1], and since (£) = 1, we get that 



A Eucl (Scal^ oexp € )(0) = i| Weyl^ (0 \] f = \\Wey\ g (£) | 2 



Finally, follow from fl0)]) - (03"]) in view of IjPJ) . 



(4.13) 
□ 



We end this section by proving the validity of the expansion for J s in Proposition 12.31 
uniformly with respect to £ G M, t in compact subsets of (0, oo) and e G (0,e )- To this aim, 
it suffices to prove the (uniform) expansion 



o(5 £ (t) 2 ) if 71 = 4 
o(ed £ (t) 2 ) if n > 5 



(4.14) 
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as e — > 0. Indeed, the expansion of J £ in Proposition 12.31 follows from combining Lemma 14.11 
with ( [HID and letting 5 e (t) be as in (J21)]) . Since 

Je (t, - J £ (W £M ) = (W £M - L" 1 (f £ (W £M )) , <j> £M ) Lg + \ U^mWI, + e H 2 eM dv)j 

~T*\ M ( {WeM + " ~ TW Zu 1( I>'m) dv 9 , (4-15) 
by Cauchy-Schwarz inequality, we get that 

(W £M - L; 1 (f £ (W £M )) , cj> eM ) L \ < \\W £M - L~ l (f £ (W £M ))\\ Lg U £M \\l 3 , ( 4 -!6) 
and by the Mean Value Theorem and the Holder's inequality, we get that 

j M {{w eM + <i> eM )l - - rw^ 1 ^) dv g 

= o (UsmWI* \\w £ ,t,£r 2 + Me M \\i) = (UsmWI* + ll&,dl£) • ( 4 -i7) 

By Proposition O and (HTTH|I - (07I> . it follows that 

^(*.0-^(^,u) = o(ll^,dl?J 

in view of Sobolev's embedding L 2 *(M) <^-> Hf(M) and the equivalence between the two norms 
|| ■ || r and || • || i f 2. Proposition 12.21 now yields that the estimate (I4.14p does hold C°— uniformly. 

5. Existence of &;-bubbles 

The previous analysis can be extended to solutions which have k distinct blow-up points, 
k > 2. In the non-l.c.f. case with n > 6, the "reduced energy" E k : (0, oo) fc x (M k \ A k ) — > R, 
A fc := {(£i, . . . ,Ck) ^ ^ fc : 6 — £j f° r * 7^ j}) which governs the location of these blow-up 
points, is just a super-position of the one for each single point: 

k 

E k (t, £) := ^ t := (ti, . . . , t fc ) G (0, oo) fe , £ := fa, . . . ,£ k ) e M k \A k . 

8=1 

Theorem 12 . 41 works as well in this context in the following way: as soon as we find k distinct CP- 
stable, p — 0,1, critical sets T>i, . . . , T> k of E(t,£), we can construct a family (u kjE ) £ of solutions 

to (11.31) which blows up, up to a sub-sequence, at points (£o)i , • • • , (Co)fe with £ G T>\ x ■ ■ • x V k 
as e — > 0. From this result, we deduce Theorem 11.31 exactly as in the case k = 1. 



Theorem 11.21 has its counter-part too: in the non-l.c.f. case with n > 6, solutions with k 
blow-up points do exist provided that k is at most the number of isolated critical points of 
E{£) = h (£) IWeyl (£)| with non-trivial local degree and h > 0. 

I y \ g 

When n — 4, the energy for the approximating function (15. 2p is not suitable due to the 
dependence in t of the smallness rate of 5 £ (t) in (12.61) . 

When n = 5 or (M,g) is l.c.f., the picture is completely different. There is an effective 
interaction between different blow-up points as expressed by the following "reduced energy" 
E k : (0, oo) fc x (M fc \ A k ) -)• R: 

k k k 

, — . n — 2 n — 2 
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where C2,c^ > and is as in (11. 5)) . Theorem 12.41 is still valid in this context by simply 
replacing E(t,£) with Ek(t,£). It is no longer possible in general to relate critical sets of 
Ek{t,$,) with that of an explicit Ek($,) as when k = 1, with the exception of the case n = 6 
for which we prove Theorem 11.51 with E^ defined as in (II. 7p . In case n > 7 (in such a way 
that > 2), we can produce a C°-stable critical set of E^ through its maximal set, yielding 
to Theorem 11.41 In this section, we first sketch the proof of Theorem 12.41 in case k > 2, with 
E(t,^) replaced by Ek(t,£), and we then derive from it Theorems 11.41 and 11.51 

For t := (t 1; . . . , t k ) G (0, oo) fc and £ := . . . , f fc ) G M k \ A fc , define <J e (t f ), z = 1, . . . , fc, as 
in (12.61) . The /c-bubbles approximating function is given by 

k 

8=1 

where W^t^ is defined in (12.70 — (I2.8j) . Since yl^ are positive functions depending smoothly in 
£ f M, there exists C > so that C G l < A f (x) < C for all x, £ G M, and then 

C~^d g {x,y) < d gi (x,y) < cf~ 2 d g ( Xl y) (5.3) 

2 

for all x, ?/, £ G M. The number r in (12. 8p is also assumed to satisfy r < C ™~ 2 dg ^'^' > for all 
z 7^ j in such a way that {d ge (x,^j) < r } D {d 95 (x,£j) < r } = in view of (15.31) . We look 
for a solution of (11.31) in the form 

U k ,e ■= W ej t,£ + & ' 

where t G (0, oo) fc , £ G M fe \ A fc , and <p £ G ^ with 

k k 

K sM : =U K ^ and f>'.^- 

i=i i=i 

where K Et t i ^ i and -fQ^ t. are as in 

dZHD - (j2II5D - Letting i7 et £ and il^ be the respective 

projections of iff (M) onto E £ ^^ and IT^ ^, we rewrite equation (11.31) as the system (12.161) - 

(I2.17p . with W Et t£, n et ^, n^ t £ replaced by W £ ^ £, n £ ^^ respectively. We begin with 

solving equation (I2.17P in Proposition 15.11 below, which is, as already observed, a well known 
result in this context (see for instance Musso-Pistoia [33]). 

Proposition 5.1. Given positive real numbers a < b and 7], there exists a positive constant 
C = C (a,b,r], k,n, M, g, h) such that for e > small, for any t G [a, b] h and £ G M k with 
dg{£,i,£,j) > V for all i ^ j, there exists a unique function <ft £ f£ G which solves equation 

(I2.17P and satisfies 

Ue,t4\\l,2 ^ C \\ R e,t£\\w 

where R £ t£ ■— W £ t£~ L' 1 (/ e (W £ tg))- Moreover, 4> £ t$ > is continuously differentiable with 
respect to t and 

We now give an estimate for \\R £ ^ ^ || 1 2 . 

Proposition 5.2. Given positive real numbers a < b and t], there exists a positive constant 
C = C (a,b,r], k,n, M, g, h) such that for e > small, for any t G [a, b] h and £ G M k with 
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d g (£i, £j) > rj for all i ^ j , there holds 

{ei if n = 5 

e 2 |lnep if n = 6 and (M, g) l.c.f. 
E 20i) ifn>7 and (M,g) l.c.f. 

where R £ f£ is as in Proposition \5.1[ 

Proof. We argue exactly as in the proof of Proposition 12.21 We point out that in this case 

k 



i=i 



+ 



M 



i=l 



2*-l k 



i=i 



J 9 ' 



and then 



^ i=i ^ 



+ 



i=l 



2*-l fc 



j=i 



2n 
n + 2 / 



The first /c terms are estimated in Proposition [221 an d the last term can be estimated following 
the arguments used for (15. 9p . □ 

For any t E (0, oo) fc and £ € M k \ Ak we define 

where J e is defined in (I2.2ip and <P £ f^ is given by Proposition 15.11 As already observed for 

k = 1, we can solve equation (12.161) by searching critical points of J ei and the asymptotic 
expansion given in Proposition 15.31 below is crucial. 

Proposition 5.3. There holds 

Je (*, K) = ci + e*=*E k (t, C)+o (e^) 

as e — >■ ; uniformly with respect to £ in compact subsets of M k \ Af. and t in compact subsets 
of (0, oo) fc , where is given by (15. ip and c\ > depends only in n. 

Proof. We argue exactly as in the proof of Proposition 12. 3\ taking into account Lemma 15.41 
below and exploiting ( 12. 6p . □ 



Lemma 5.4. Assume that either n = 5 or [n > 6 and (M,g) l.c.f.]. We let K n be as in (14. ip . 
(i) 6e as m ( 12. 6p . ana" fre as m (jl.5p . As £ — >■ 0, the following expansion does hold 



k 



MW M ) = -K- + in(n-2)} 



n-2 
2 



,n-2 



2 n-l( n _4) 

j=l 



t=i 



+ o(e»-«), (5.4) 
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uniformly with respect to £ in compact subsets of M \A& and t in compact subsets of (0, oo) k . 
Proof. We proceed exactly as in the proof of Lemma 14.11 We only point out that 



j <( w *m) = E J * (^) + ^ E (^aa. ^a>j 



i=l 

A: 



+ |E / [(XX^V -EX** 

We claim that if i ^ j, then 

(WW, ^Wi)^ = " 2)]^ (4 ft) 5 £ ft))^ + o (e53). 

Indeed, by (J23D, (BTBjl . Q, flU]), and Lemma EH we get that 

<W e , tlA ,W e , t ^> = / f/ v ,U\,. t .)ir,,,.«.,/r tf 

+ / (^WW, + ^WWJ ^WA^ 

JdB u (r ) 



du s . (5.5) 



(5.6) 



[n(n-2)] n ^/3 n 6 E (t j )^G g (£ i ,Q 



I L g(i {G gu (., 6)W. AA )(exp 6 y) [1 + o(l) + 0(\y\)]dy + o (e^) 

'B (r ) 

; [n(n - 2)]S/W-i (5 6 ft) 5 e ft)) 1 ^ QI^ + o (e^i) 



in view of (&) = 1, L g G g (x,£i) = 0, and 

w 6ltiA = /^(x^ft)^- 2 ^ (4ft)"V ) 

for all x e M \ 5^(r ). Since 



n-2 j- + °0 r V /" + 00 

7o (l+r)^ dr = Jo (1 " r+1' (1 + rf 



r 2 

J n + 2 



1 N dr 

2 



(1 — s) 2 as = — 
n 



(5.7) 



(5.8) 



we deduce the validity of f)5.6p . We claim that 



hi (E" ^) -E^ 2 ,U^ 

= [n(n - 2)]^ £ (tf. ft) 5 e ft))^ + o ( e 53). (5.9) 
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Indeed, by (j2.4j) . (12. 6j) , (15. 7p . and Lemma |A. II . we deduce that 



22 



L V i= i / i= i 

k V 

E 

i=l ' 



(if „ 



2* 



2* 



df s + o (e™- 4 J 



2*[n(n - 2)]^/3„ £ 4(^)^(1 + o(l)) f G 9 {xM)WX t ;l 



I "~ 2 . 

ai^ + o 



n n 



in view of the estimate (a + 6) 2 * — a 2 * — 2*a 2 * 1 b = 0(a 2 * 2 6 2 + b T ) for all a,b > 0. Therefore, 
thanks to (15. 8p . we deduce the validity of (I5.9p . Moreover, by (I2.6P and (15. 7p . we get that 



hW E , tUi W^dvg = O I 5 £ (tj)^ I W £ , tUi dv g + 8 e {U)^ I W e , t ^.dv g 



+ 0(^)^ £ (^)^) =0(e^). (5.10) 



Inserting ( I5.6p . ( I5.9p . and ( I5.10P into ( 15 .5p and combining with Lemma [4.11 we finally deduce 
the validity of (Ql) . □ 



Proof of Theorem The key point is to show that ^ attains its maximum value 



m k := sup E k 

(0,oo) fc x(M fe \A fc ) 

at interior points, i.e. 

V k = {(t, £) G (0, oo) fc x (M k \ A fc ) : £ fc (t, ^ = m fe } 
is a non-empty compact set. We claim that there exists L > so that 

sup Ei = mi and sup Ei < mi 

(0,L]ix(A/'\A ; ) ((0,oo) i \(0,i] I )x(Af I \A l ) 

for all / = 1, . . . , k, and there holds 

< mi < m 2 < • • • < m k < +oo . 
Indeed, since min{y4^ : £ G M} > and 



^o<EM ft (6)-^) 



i=i 



(5.11) 



(5.12) 



for all (t, £) G (0, oo) fc x (M fc \ A*.), we have that Ei(t,£) — > — oo uniformly as soon as 
t{ —7- +oo for some % = 1, . . . , /. Therefore, we can find some L > large so that (15. lip does 
hold, and mi < +oo. Since maxM h > 0, we can find £i G M with h(£i) > 0, and then 
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c 2^iM£i) — C 3^i 2 ^€i > for t\ > sufficiently small. It follows that mi > 0. To conclude the 
proof of (15.121) . observe that for / > 2, we have that 

Ei(t,€) = Ei-i(ti, ■ ■ ■ • • • 

n — 2 n-2 

+ c 2 ^(6) - C3 tr 2 ^ - 2c 3 t t 2 j> 2 G M^i)- ( 5 - 13 ) 

Let (t{, . . . , . . . , Ci-i)jeN De a maximizing sequence for m;_i. Up to a subsequence, 

we can assume that £| 4 ( ; 6 M as j 4 +oo for all 2 = 1, — 1. Now, we fix some 
£i 6 {/i > 0} \ . . . , an d we choose t\ > small so that 

1=1 

l-l 

> c 2 tfh(Ci) - c 3 tr 2 A^ - 2q s L-rf l - G ^ 6) > 

i=i 

in view of > 2. Therefore, we get that 

mi > lim E l (t{,...,ti 1 ,ti,Ci,...,Cli,Cl) 

l-l 

= m-i + c$h{£i) - csip 2 ^ - 203^ ^^67,(^,6) > , 

i=i 

and ( I5.12p is established. 

Now, we prove that T> k ^ and that T> k is a compact set. By (|5.1ip . we can find a 

maximizing sequence (P , ^"')j G N, £ J ) : = (4) • • • > ^fc> £i> • • • > 6iD> f° r ^ so that ^ — f° r 
alH = 1, . . . , and j G N. By ( 15. 13p with / = k, we get that if ^ — >■ as j — > +oo, then 
vn k < mfc_i in contradiction with (I5.12p . Since the same argument applies for all the tj's, we 
get that there exists rj > so that t\ > rj for all % = 1, . . . , k and j G N. By compactness 
of [r],L] k x M fc , up to a subsequence, we can assume that (P,£ 3 ) — > (t , £ ) £ b??£] fc x 
as j — )■ +oo. Since G g (x,y) — > +oo as d g (x,y) — > 0, we get that £ G M fc \ A fc , and 
thus that (io,£o) e ^fc- Hence, we get that 2\ 7^ 0. As for the compactness of V k , we 
let (fr 7 , £ J )jgN be a sequence in D^, and by the same arguments as above, we deduce that 
{P,£ j ) -»■ (to,€ ) ^[ 7 /> L ] fe x ( Mfc \ as J -> +°° ; and b y continuity of E k , (to, £„) G V k , 
which proves that V k is a compact set. 

To conclude the proof, let U be a compact neig hborhood of V k in (0, oo) fc x (M k \ A k ). 
Since by (15. lip E k is not a constant function, we have that 

sup E k < sup E k . (5-14) 

au v k 

By Proposition 15.3} we get that 

J e (t,£) :=e~& [j e (t,t)- Cl ]^E h (t,t) (5.15) 

as e — > 0, uniformly with respect to $, in compact subsets of M k \ A k and t in compact subsets 
of (0, oo) fc . It follows from (15.141) and (15. 15[) that for e > small, we get that 

sup J £ < sup J £ . 

au v k 
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Then J £ achieves its maximum value in U at some interior point (t e , £ e ) of U, which is a critical 
point of J £ in U. As already observed, we then get that u^ >£ = W £ ^ ^ + <ft £ j. ^ is a critical 
point of J E , and thus, by elliptic regularity, a classical solution of (11. 3p . Up to a subsequence 
and taking U smaller and smaller, we can assume that (t e ,£ e ) — > (to,£o) G as e — > 0. 
Arguing as in the proof of Theorem I2.4[ since \\(j> e f £ || 12 — >■ 0, by the definition of W e ^ g , 

we get that uf £ — ^ K~ n Yli=i %o)- m the measures sense as e — > 0. Then the family (uf., £ ) £ 

blows up at the points (£o)i >•••, {£o)k as e — ^ 0, where (to,£ ) i s so that Ek(to,£ Q ) = rrik- 
We also get that limfc_^ +00 lim sup £ _j. || VMfe )£ || L 2( M ) = +oo by the definition of W £ ^ ^ . This 

ends the proof of Theorem 11.41 □ 



Proof of Theorem I L51 We assume that n = 6 and h G C l (M). It is not difficult to show 
that the expansion (15.41) is C 1 -uniform with respect to t and A straightforward adaptation 
of the (^-estimates in Section below then yields to the (^-uniformity of the expansion for 
J £ in Proposition 15.31 for all integers k > 1. For any £ := . . . G M fc \A fc , let A fc £ and 

-Efc (£) be as in (ll.6l) - (ll.7p . and £ := ((£o)i , ■ ■ ■ , (£o)fc) b e an isolated critical point of E k with 
non-trivial local degree so that .H has positive coordinates. Observe that with these 
notations, we can write that 

E k (t, £) = c 2 (T,H(£) > - c 3 <T, A h £.T), 

where T := (tf , . . . , tjQ, (£) := (/i (£i) , . . . , h (£&)) and (■, ■) is the Euclidean scalar prod- 
uct. Arguing as in the proof of Theorem 11.2} it suffices to find to (£ ) G (0, oo) fc such that 
(to (£o) > £o) ^ s a C 1_ stable critical point of Ej~. One then easily checks that such a property 
is achieved when taking 

To (*„) := with T (&) = ((t (£ ))? ,...,(*) «o))J) , 

which is well defined since A~\ .H (£ ) nas positive coordinates. This ends the proof of 
Theorem O fc □ 



6. First derivatives estimates 

This section is devoted to the end of the proof of Proposition 12.31 We assume that h G 
C 1 (M) and we prove the C 1 -uniformity of the expansion for J e in Proposition 12.31 Arguing 
as in the proof of Lemma 14.11 it is not difficult to show that (j4.2p - ()4.5p are C 1 -uniform with 
respect to £ G M and t in compact subsets of (0, oo) as e — > 0. We only need to prove the 
C 1 -uniformity of (I4.14p . We begin with proving the preliminary Lemmas I6.1H6.51 Throughout 
this section, we identify the tangent spaces T^M with ~R n thanks to local, smooth, orthonormal 
frames, so that exp^ denotes the composition of the standard exponential map (with respect 
to g%) with a linear isometry 7^ : R™ — > T^M which is smooth with respect to £. We denote 
by Q the domain in M where the frame is defined. We use the notations 

Zo,e,t,£ := anC ^ := Z e ,t,Z,ei (6-1) 

for all i — 1, . . . , n, where is the i-th vector in the canonical basis of W 1 , Z E t) % and Z £jtt ^ e . 
are as in fl2TT2D - (12331) . We let W eM be as in (F22D, J 6 be as in fICTD . and J £ be as in (12221) 1 
All our estimates in this section are uniform with respect to t G [a, b], £ G f2, and e G (0,£o) 
for some fixed Eq > 0. In Lemma [6.11 below, we approximate the first derivatives of W £j t,z (%) 
with respect to t, £, and x. 
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Lemma 6.1. There hold 

d 
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r» — 9 n + 2 

n^r (n-2p-%(t) 
dt ^« 2o^t) Zo ' £Af 



2" 



re-2 . . "+ 2 

n 4 (n — 2) 4 



i.e.t.l 



V=0 S £ (t) 

as e — > /or all i = 1, . . . ,n, where 5 £ (t) is as in (12. 6[) . 

Proof. We begin with proving (16. 2p . For any x G M, we find that 

^W EM {x) = G g MjW eM {x), 



o(l) 



o(l) 



(6.2) 
(6.3) 



(6.4) 



where 



d g ( («» O n Vb (<5 6 (t) exp 5 1 x) if d ge (x, f ) < r 
r n -Vo(4(0 _1 ^o) if^(x,O>r 



n — 2 u-f-j 

n— (n-2)~^(t) 
2XW 



lju\B € (r /2) (a:) ) • (6.5) 



(16. 2 p follows from (I2.6p . ( 16. 4p . and (I6.5p . Now, we prove ( 16. 3p . For any x G (r ), we get 
that 



A 

dr), 



= G g (x,t)A-W £Mxp ri (x) +A-G g (x,exp ( r]) W eM (x) . (6.6) 

ri=0 Qjlji r]=0 0,1 ji ri=0 



Moreover, letting y = exp^ 1 x and using Lemma IA.2I in appendix, we find that 



(5 £ (t) 2 + \y\ 2 ) 2 



n + 2 



n-l 



Se(t)^\y\ 
(Sc(t) 2 + \y\ 2 )' 



and, using (I2.5p . we get that 



(6.7) 



d 

dr],, 



G g (x, exp € 77) 



d 



77=0 



Gg (X, . 



(6.8) 



Since we have chosen so that A% (£) = 1 and V^L, (£) = 0, we get that 



^ (exp € y) = l + 0(|2/|) and — A exp(rj (exp ? y) 

By lO]) . (TO]) . Lemmas lA~T1 and lA~2l we get that 

G 3 (exp € y,0=^ 1 |2/| 2 " rt + O(|y| 4 - ri ) 



?7=0 



G 9 (exp ? y, exp^ 77) = (n - 2) /3 n 1 |y| n y< + O (|y| n ) 



77=0 



O(M). (6.9) 

(6.10) 
(6.11) 



Moreover, using Lemma IA.ll we find that 

y ( \ 4(t) 2 x(\y\)y* 
Zi,eM ( ex P? y) = 77-^ — + 



8e{t)*\yf 



(S £ (t) 2 + \y\y \(5 £ (t) 2 + \y\ 2 ) 



2\ 2 



(6.12) 
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By fl6i)]) - f[02]) . we get that 
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d 

T-W, 



drji 



(exp ? y) 



ri=0 



n-2 . . " + 2 

n * (n — 2) 4 



Zi,e,t,£ ( eX P§ 2/)+° 



n-2 

(4 (*) + M ) 2 



(6.13) 



uniformly with respect to y E B (r ). It follows from (I6.13P that 



B 5 (r ) 



Aw, 



e,t,exp^ r; 



n-2 , ■ "+ 2 

n 4 (n — 2) 4 



?7=0 



dVn 



o 4 (tf 



o (5 £ (t) 2 + r 2 )' 



o(l) (6.14) 



as e — > 0. In M\B^ (r ), we find that 



d^ 



W, 



e,t,cxp^ ?y 



d 



??=o = r n " 2 f/ (S e (ty 1 r ) (x, exp 5 77) 



?7=o 



/ 7* — j 

O 5 e (t) — 



(6.15) 

uniformly with respect to x G M\B^ (r ). Finally, ( 16. 3 j) follows from (16.1 4p and (I6.15p . This 
ends the proof of Lemma 16.11 □ 

In Lemma I6T21 below, we approximate the first derivatives of the energy of our test functions. 
Lemma 6.2. There hold 

(S £ (t) 2 ln5 £ (t)) i/n = 4 
if n > 5 



n— 2 ra + 2 



d 
dt 



d 

drj, 



(6.16) 

n^(n-2)^ { o(5 £ (t) 2 ) if n = 4 



as e — > /or all i — 1, . . . ,n, where 5 e (t) is as in (12. 6p . 

Proof. We begin with proving (I6.16p . Integration by parts gives that 



d 
dt 



(n-2)—5' £ (t) 
2S e (t) 



DJ £ (W eM ) .Z ,e M 



M 



(L g W £M - f £ (W £M )) [ -W eM 



d 



n + 2 



(n-2)— 5' £ (t) 
25TW 



<0,e,t,£ I d v g 



+ / (d Ui W £M + d Uout W £M )^W £M da g . (6.18) 



By (JO}, (ET5J) . (13TT0]) . and (jBT5]) . we get that 

(rj— 2 n+2 
dt^ (X) 2S£ [ t) — Z<*M (*) 



O ((4 (t)"" 1 (t) + 54 (t)- 3 ^ (t)) lM\ Bc( ro/2) (*)) • (6-19) 
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(jBIIBD follows from flQ8l) and flQ9]) in view of (E3D and (jFT5]L Now, we prove flBTTTj) . Inte- 
gration by parts gives that 



n-2 . n+2 

n * (n — 2) 4 



»;=0 



4(t) 



I M 



(L 9 W eM - f £ (W eM )) ( —W e , tm 



d 



71 + 2 



7?. — Z , . '-^ 

n * (n — 2) 4 



»?=o 



dB ( (r ) 



d 



where 



drji 
Am/ 



r]=0 



r)=0 



d 



d 



d, out W £M [ — W e , t ,e*p e v 



n=0 



out 



da g , (6.20) 



(x) = G g (x, — W £)tiexPf „ (x) 



r/ 



77=0 



-G s (x,ex P ^) 



T]=0 



r?=0 



— G g (x,exp 5 r/) W M|€ (x) 



for all x e dB^ (r ), in view of (I6.6P and (16.151) . Regarding the second term in the right hand 
side of (I6.2(jp . on dB^ (r ), we find that 



d„ in w eM [ Aw 



drji 



,£,Cxp^ T] 



rj=0 



e,t,exp^ rj 



T)=0 



out 



r=r 



7?=0 



+ /?rA in G s 4 (t)^ r n - 2 U {5 £ {t)- l r ) G g (x, ~^W £ ^ V (x) 



77=0 



for all x G <9i?g (r ). By f)6.13p . we get that 



dr}i W e,t,exPtV 



r;=0 



(6.21) 



(6.22) 



If follows from < KT[\f -< KT2\f that 
d 



Qv W £t 



d We^r, 



r]=0 



+ d v W eX A—W i 



d 



dt]i 



£,i,exp£ r; 



»?=0 



O (5 £ (t) n ) (6.23) 



in view of (I3.3P and (16. 7p . Now, we estimate the first term in the right hand side of (I6.20p . 
In B^ (r ), using (ET5]I . f l3TT0|) . and f[6TT3]) . we find that 



/ U g W £M (x) - W eAt (x) 2 ^ 1 ) ( Am/ £ ( X ) 
JB e {r ) v / \ar]i 



n 4 (n — 2) 4 



*.(t) 



r n dr 



. n-1 



(5 £ (t) 2 + r2) 

O (4 (t)™" 1 ) if n = 4, 5 or (M, #) l.c.f. 

O (4 (t) 5 In 5 £ (t)) if n = 6 and (M, g) non-l.c.f. 



v=o 5 £ (t) 

O (r n ~ 2 ) if n = 4, 5 or (M, #) l.c.f. 
0(r 4 lnr) if n = 6 and (M,g) non-l.c.f. 
O (r 4 ) if n > 7 and (M, (7) non-l.c.f. 



Z i)£;tif (x) <fo 



(6.24) 



O («5 e (t) 5 ) 



if n > 7 and (M,g) non-l.c.f. 
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and, using (I6.13p . we find that 

-i—W £ . ttCxp v (x) — — Z i)£M (x) )dvg 

arji v=o o £ ft J J 

. { 0(5 £ (t) 2 ) ifn = 4 

/ pro r nj \ 

= O U {tf- 2 / — — — I = O (6 e (tf |ln 5 £ (t) |) if n = 5 (6.25) 

\ Jo [6 £ (t) + r 2 ) I 



O (5 S (ty) if n > 6. 



n + 2 



In Af\S € (r ), using ([331) and dEED, we find that 

(L g W £M - f £ (W £M )) (±W £ , t ^v\ v=Q - W ^t(t) 2) 4 Z " £ '" € ) = ° ^ (t) " + ^ (t) "" 2) 

(6.26) 

uniformly with respect to x G M\B^ (r ). Finally, (I6.17P follows from (I6.20p -f l6.26p . This ends 
the proof of Lemma 16.21 □ 

Now, we prove the following error estimates. 

Lemma 6.3. There exists a positive constant C = C (a, b, n, M, g, h) such that 

\\L~g 1 (/e(We,t,e)^0,e,t.e) ~ Z 0,e,t£ 1 1 1, 2 

n 2 

S £ (t)— ifl<n<9or (M,g) l.c.f. 

(o.27) 

S e (t)* t/n > 10 and (M,g) non-l.c.f. 

l^g 1 (f r e(We,t,e)Zi,e,t,e) ~ ^i,e,u||i j2 

5 e (t) 2 |ln5 e (t)|* */n = 4 

5 F (t)z if n = 5 or (n > 6 and (M, q) l.c.f.) 
<Cl W ' " V 7 7 (6.28) 

5 e (t) 3 |ln<J e (i)|s ifn = 6and(M,g) non-l.c.f. 

^ 5 £ (t) 3 ifn>7 and (M,g) non-l.c.f. 

for all % = 1, . . . , n, where 5 £ (t) is as in (12.61) . 

Proof. For any i — 0, . . . , n and <fi G Hf (M), an integration by parts gives 

(Lj 1 {f e {W eM )Z i>eM )-Z i , eM ,4>) L = f (f' £ (W £M )Z h£M -L g Z h£M )4>dv g . (6.29) 
By Sobolev's embedding Hf(M) m> L 2 *(M), it follows from fl6\29|) that 

ll^" 1 (/'(l>- ,.i)Z, ,.i) - ^|| 1)2 = O (||£ (W eA€ ) Z i(BA€ - L g Z iteM \\_^) . (6.30) 
By conformal covariance (I2.2p of L g and by (I2.5p . in (ro), we can write that 

f'e (W e j,{) %i,z,t,i — LgZi^ t ^ 

= Af' 1 [ (2* - 1) G H (■, 2 *" 1 W^ 2 Z h£M - L g( (G 96 (-,0 Z h£M )] - ehZ h£M . (6.31) 
Since Z^ £ ^ (£) = and L g( G 9i (•,£) = 5%, we get that 

L 9i {G 9i (•, Km) = G 3i (; Xj, J., - 2< VC7 95 (•, , VZ i|M ,^ . (6.32) 
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We begin with considering the case i — 0. Since /?o,e,t>£ ° ex P§ is radially symmetrical and Vq 
is a solution to the equation AeuciVo = (2* — 1) U 2 *~ 2 Vq in W\ writing A gi Z 0>£jt ^ (exp^ ?/) in 
polar coordinates and using (12. 4p . we find that 

G> ( ex P^ 2/, A 3^o, e ,t,5(exp c j/) 

= Gg^exp^y, ^)A Eucl (Z 0i£M oexp € )(y) + O ^^"^iV^o,^ o exp € )(j/)| 

= (2* - l)/3A(t)-^xbr- 2 ^(exp^,O^(^) 2 *-V (^|y) 
-2(„ - 2)«(0-xM^ f (exp, y, <" + ^'^ " ( " " ^ 



(5 e (t) 2 + \y\ 2 )* 



I1 # L.lJV-2 



Ut)*\y\ 



n-2 



"' (w^i ^'^ 1 (6 - 33) 

uniformly with respect to y G Bq (tq). Moreover, since Zo,e,*,£ o exp^ is radially symmetrical, 
we get that 

< VG S5 (exp^ y, f) , VZ , £ ,i,5 (exp € y) ) = <9 r [G ff£ (exp^ y, f )] <9 r [Z 0)£ ,t,£ ° exp ? ] (6.34) 

= PMt^xu-^ [G M (ex P£y , f) ] ( " + f'' a ''-'",:i 4(i)2 + o (s, {t m . 

(<w) 2 + \y\ 2 ) 2 v y 

By flo"3"21 - flBT34D and Lemma EH we get that 

(2* - 1) G 9i (exp € y, £) 2 _1 W eM (exp € y) 2 ~ 2 Z , 6lti€ (exp 5 y) - L 9i (G 9i (•, Z ,sm) ( ex P« 2/) 

f 0(|yr- 4 ) if n = 4, 5 or (M, </) l.c.f. 

O (^(t) 2 * 3 ) + ^ 2 g x < 0(|y| 2 ln|y|) if n = 6 and (M, #) non-l.c.f. 

(<M*) 2 + M ) 2 [ q Qyjaj Hn>7 and (M, gr) non-l.c.f., 



which, inserted into (16 . 3 [) — ( 16 . 3 1 j) . yields to the validity of (16.27P in view of (12. 6p . Now, we 
consider the case i — 1, . . . , n. Using (12. 4p . we find that 

A fff Z i)£) ^ (exp ? y) = A Euc i [Z i!eM o exp ? ) (y) - (\y\) (exp f y) 



(4 (*) 2 + \v\) 2 



V x(M) 



(Se(t) 2 + \y\ 2 y 
te{rf\y\ n - 2 



(Se(ty + \ y n 



2\ 2 



(6.35) 



uniformly with respect to y G B (r ), where are the derivatives of the components of 

g^ 1 in geodesic normal coordinates. Since g% defines conformal normal coordinates of order 
N > 3, see Lee-Parker [27[ Theorem 5.1 and Lemma 5.5], we get that the Ricci curvature 
Ric 95 of g% vanishes at £, and thus 

fO if (M,g) Lei 

%/(ex P ^) = | _ 1 ( mc ^ (0y P + o(| y |^=O(|,/| 2 ) if (M,g) non-l.c.f. ^ 
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Since V t is a solution of AeuciV* = (2* - l)f/ 2 *" 2 ^ in R n , by fl6\35|) -f lQ6|) . we find that 
G 9( (exp^ y, €)A B( Z iteM (exp ? y) 

= (r - W.(t)-^x|yr a ^(fflq> € y,0^(^) 2 *- a Vi(^) 

+2{n - 2)p n 8 £ (t)h\yr 4 yiG g( (e m y, g) l f x " ( " " 

(5 £ (t) 2 + |?/| 2 ) — 

+ (W + /'f ) (6.37) 

V (4 (f) 2 + \v\ 2 ) 2 / 

where a = N — 2 if (M, (?) is l.c.f. and a = 2 is (M, g) is not l.c.f. Moreover, we get that 
< VG 35 (exp ? y, f ) , VZ ij£iti5 (exp ? y))^ 

'M e (t)*\v\ n - 2 ] ,« / t M^x4W f M n - 2 



(<wr + \y\ 2 ) 2 



(Se(t) 2 + \y\ 2 f 

2 



+MM-*x{\y\)d yi [G g6 (e^y,0] e ; 2 j y . + O (*.(*)*) . (6.38) 



By (J632D, fl6\37j) -f l08|) and Lemma [Ql we get that 

(2* - 1) G 9( (exp ? y, {) 2 _1 W eM (exp € y) 2 _2 Z ii6it|{ (exp ? y) - L g ^ (G 9i (•, £) £ <|eA€ ) (exp ? j/) 

f 0(|yr 3 ) if n = 4, 5 or (M,g) l.c.f. 

= (o £ (t)2 h — -x< . ox 

V J (s e {t)*+\y\ 2 y \0{\y\ 2 ) if n > 6 and (M, g) non-l.c.f. 

which, inserted into (I6.30p -( 16.3ip . yields to the validity of (I6.28P in view of (12. 6p . This ends 
the proof of Lemma 16.31 □ 

By Proposition 12.11 f° r e small, for any t G [a, b] and £ G M, there exist \ e ,t,£ G M and 
<jj e ,t£ £ T^M such that 

DJ £ (W £) ^ + £ ,^) = (A £!t) ^ £)U + Z 6iti€>Weili€ , -> L9 , (6.39) 

where Z £)t £ and Z E>t) ^ Ueti are as in (12.111) . We let Z 0i£)t £, . . . , Z niE)t ^ 6 1 be as in (16.11) . We 
let A , £ ,t,£, • • • , \ n ,sM e ^ be sucn tnat 

ft 

:= alld ^^KeM^ := U e,t,i , (6.40) 

i=l 

where A £)tj £ and w £> t,£ are as m (16.391) . We estimate the Aj )£jt ^'s in Lemma E31 below. 

Lemma 6.4. For any % — 0, . . . , n, in case n > 5, there holds 

_ DJ e {W eM ).Z iteM f o(e5 E (tf) z/z = 
t,£M ~ ' I o(e5 £ (tf) ifi = l,...,n 



(6.46) 
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and in case n = 4, there holds 

dj A w cm) z 0M fo(Mty-) tfi = 

\\W4l \0(E%(tf) ifi = l,...,n 

as e — » ; where 5 £ (t) is as in (12. 6p . In particular, there holds 

( 0(5 £ (t) 2 \n\5 £ (t)\) ifi = 0andn = 4: 

Xi,e M = I W*) 2 ) i/ i = 1, . . . , n and n = 4 (6.43) 

lo( £ 5 £ (t) 2 ) z/n>5. 

Proof. For any i = 0, . . . , n, by (j6.39|HI6.40p . we get that 

DJ £ (W eM + <f> eM ) .Z LsM = ^ heM ( Z i,eM> Z 3,eM) L g ■ ( 6 - 44 ) 

3=0 

For any i,j — 0, . . . , n, we find that 

(Z it£M , Z h£M ) Lg = \\VViWl 5 l3 + o (S £ (*)) (6.45) 
as e — > 0, where the Si/s are the Kronecker symbols. It follows from fl6.44l) - fl6.45l) that 

DJ £ (W eM + <f> eM ) .Z i>eM = \ eM + o (s e (t) \he,t,t\ ) 

V j=0 / 

as e — )■ 0. Independently, we get that 

DJ £ (W eM + <j> eM ) .Z i>eM = DJ £ (W £M ) .Z h£M + (Z i>eM - L- 1 (f' £ (W eM ) Z h£M ) , <t> eM ) Lg 

- [ (/o(^ ) « + ^,«)-/oW-^WWW«s- ( 6 - 47 ) 
By Cauchy-Schwarz inequality, we get that 

{Zi,s M -L- 1 {f £ {W eM )Z^ M )^ £M ) Lg \ < p^-LfiJWeM)^,**)^ UsmWl, ■ 

(6.48) 

By the Mean Value Theorem and Holder's inequality, we get that 

(fo (W eM + <t>e,t,d - fo (W eM ) - fo (W eM ) <t>e,t,d Z i,eM dv 9 

(( \\W £M \\ 2 2 :~ 3 + U £ ,t,£- 3 ) H £M \\l \\Z i>£M \\ 2 * ) if n = 4,5 

0(||W e 2 ;fZ ije ,^|| 2 ,||^, ti€ ||5.) ifn>6. 

= 0{U £M \\l). (6.49) 

By (12. 6p . (I6.47I) - (I6.49I) . Propositions 12. 11 1 2.21 an d Lemma |6~3| we get that in case n > 5, there 
holds 

f o(e5 £ (t) 2 ) if i = 

J, (^,« + ^,«) ^o |E| « = M .^, t)C + ' 3 . £ . 1 (6.50) 

[ o (ed e (t) a ) if z = 1, ... ,n 

and in case n = 4, there holds 

f o(5 £ (t) 2 ) if i = 

DJ £ (W eA€ + <P £M ) .Z 0>£M = DJ £ (W £M ) //.,. ,, + \ V \ S . (6.51) 

[ O (e d £ (t) ) if z = 1, . . .,7i 
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as e ->> 0. Finally, flggg and fl6\42j) follow from flfT46]) . fl63Uj) . and fl63Tj) . The estimate flCTjl 
follows from (I6.4ip -f l6.42p and the validity of f l4.2p - fl4.5p in a C 1 -uniform way with respect to 
£ G M and t in compact subsets of (0, oo) as e — > 0. This ends the proof of Lemma [6.41 □ 

We then prove the following result. 

Lemma 6.5. For any i — 1, . . . , n, there hold 

d , \ 

77=0 



dr], 



n-2 , . "+ 2 

n 4 [n — 2) 4 



i=o 



n+2 



" ^ (*, = ^ (n "l 4 ^ llVVolB W + o ( £ |A, M „ 



as e -)• 0, where 5 e (t) is as in (12. 6p . 

Proof. For any z = 1, . . . , n, by f l6.39p -f lB.40p . we get that 



i=o 



(6.52) 
(6.53) 



d 



d 



(6.54) 



For any z = 1, . . . , n and j — 0, . . . , n, an integration by parts gives that 



d 



»7=0/ i 9 7 M 



drji 



e,t,cxp^ 77 



77=0 



n™4 (n — 2) 



n-2 
4 



n 4 (77, — 2) 4 
+ (^7,M,e» Z ^,€> Lg ■ (6.55) 



By Holder's inequality and f )6.3p . we get that 



/ d 

M \ a Vi 



d 

d^ £ ' t,exp ^ 



n-2 , „, "+ 2 

n 4 (n — 2) 4 

77=0 5 e (t) 

n 4 (77, — 2) 4 



Z i,eM l^g — \\LgZj >£>t £\\_2n_ 



Z i,£,t,i 



77=0 <5 £ (t) 

as e -> 0. It follows from ( E35D and (IB^ -flB! E) that 

d 



2* 



odlL^dl^n. =o(l) (6-56) 

n + 2 / 



(6.57) 



as e — > 0, where the 5y's are the Kronecker symbols. Since 4> E ,t,£, belongs to K^ t ^ differentiating 
the equation (Z^ e +£, 4> e ,t,s) L = 0, we find that 



d 

drji 



77=0/ L 



_d 

d77i" J,t ' 1 ' 



Zj,e,t,exp£T] 



77=0 



(6.58) 



By (16.581) . Cauchy-Schwarz inequality, Propositions 12.11 and I2.2[ we get that 



L* 







77 = 0/ ' Lg 





J j,e,t,exp ( 77 



d 

drji * q ' 77=0 

0(5 e (t)- 1 ||^|| li2 )=o(l) 



r \mM\\L g 



(6.59) 



as e — > 0. (16.521) follows from (I6.54p . (I6.57p . and (I6.59p . (I6.53P follows from similar arguments 
by using (16. 2 p . This ends the proof of Lemma 16.51 □ 
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Proof of the C 1 -uniformity of (I4.14|) with respect to t. The result follows directly from Lem- 
mas MM El and E3J □ 

Proof of the C 1 -uniformity of (I4.14p with respect to £. In case n > 5, the result follows di- 
rectly from Lemmas 16.21 16.41 and 16.51 The case n = 4 is trickier. In this case, the estimate 
( I6.42p is not sufficient to get such a direct proof as in higher dimensions. We prove the result 
in case n = 4 in what follows. For any i = 1, . . . , n and x G M, we define 

Y i: eM ( x ) '■= X (d 9i 0, 0) A ( ( x ) d vi [W e ,t£ ° exp f +} e ,t,i ° ex P? ] ( ex P^ x ) > 
where W eM := W eM / and (j) eM := (j) £M /A^. We claim that 



DJ £ (W eM + e , t ,$) .Yi,s M 



n-2 , _, N "+ 2 

n 4 (n — 2) 4 



|VV^||2 A i|E)t) £ + o ( ^2 \Ksm\ 

3=0 



(6.60) 



It follows from (I6.39p - fl6.40p and (I6.45P that in order to prove f)6.60p . it suffices to prove that 
for any i — 1, . . . , n and j — 0, . . . , n, there holds 



n-2 . . n+2 

n 4 (n-2) * 



o(l) 



(6.61) 



as £ — ?• 0. Integrating by parts and applying Holder's inequality, we get that 



n+2 



n 4 (n — 2) 4 



n+2 



n 4 (n — 2) 4 



* e (f) 



n+2 
4 



< \\L g Z h£M \\^_ x(d 9( (■,£)) Azd yi [W eM o expz] oexpf + Z ifiM 

+ \\L g Z h£M \\ 2 \\ X (d ai (-,0) ^V0 £ ,^|| 2 . (6.62) 



Using similar arguments as in the proof of Lemma 16. 1[ we find that 



n+2 
4 



' — " n 4 (n — 2") 
X K 5 (-,0) A Z d Vi [ W eM ° ex P? ] ° ex P^ + T77^ Zi ^M 



oil) 



as e — y 0. Rough estimates give that 



n + 2 



0(1) and \\L g Z h£M \\ 2 = (deity 1 ) 



(6.63) 



(6.64) 



Moreover, by (12. 6p . and Propositions 12.11 and 12. 2\ we get that in dimension n = 4, there holds 

||X K (", 0) ^V? e ,«|| 2 = O (fe,£|| 1)2 ) = Odl^H^) = O ( ||0 £A? || is ) = O (e5 £ (t)) . 

(6.65) 

fl6T6T]) follows from <^Mj -< ^M^ , and thus we get flBTBT)]) . It follows from (J6J2]), dnTHOj) . and 



Lemmas 16^41 and I6J3I that in dimension n = 4, there holds 



d 



—J £ (t,ex m ) 



(6.66) 



-DJ £ (W eM + £>t , e ) .y i)C> « + o (5 £ (tf In \5 £ (t)\) 
as e 0. By the conformal change of metric g% = A 2 - ~ 2 g, we get that 

DJ E (W eM + cf> EM ).Y i , £M = [ ((V(W £M + j £M ),VY i>eM ) 

Jm v yi 

+ (a n Scal 3c +eA 2 f 2 *h) (W eM + o.i.jY,. M - (W eM + £ ,u) + ~%,^W , (6.67) 
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where Y ifiM := Y i>e>t ^/ A(_. Since Y i>eM = in M\B% (r ), letting y = exp^" 1 x and integrating 
by parts (16.67p . we find that 

DJ £ {W e 

where 

h,i,eM := DJ e (WeM) ■ (X { d 9 ( (-,0) [ W eM ° eX P« ] ° eX P^) , 

: = / { gfd yp xdy q [(j) £ M ° ex P« ] [ W eM ° ex P? ] | ex P? 9i I 

+ 9fdy P xdy q [Wm ° ex P« ] d Vi [? s ,t,€ ° ex P? ] | ex P? 9t I 

- A [af] d Vp \WeM ° ex P? ] d v q ° ex P? ] | ex P| % I 

- x(W*M ° ex P§ ) (?e,t,C ° ex P« ) d w [ i a n Scal s c +zA 2 f 2 *h) o exp ? ] |exp^ g^\ 

- (jyWsM, v? e>tl€ ) fle + K scai 95 +^- 2 */i) w^i,^ - W^% M ) ° ex P? 

x d vi [x|expg^|]}dy, 
^3,i, e ,t,€ := / { 9fdy P xdy q \4>sM ° exp ? ] d K [J Cjt)f o exp ? ] |exp^ ^ | 

- \xd y% [gf] d Vv \4> eM o exp 5 ] d yq [<j> eM o exp c ] | exp* g £ \ 

- \x{4>eM o exp ? ) 2 <9^ [ (a„ Scal 9? +eA 2 f 2 *h) o exp ? ] |exp^ g^\ 



2' 

2 (| V ^,*,e|g ? + («« Sca W +^ 2 ~ 2 *^) 2 , il5 ) o exp 5 9 W [x |exp^ #| ] Jdj/ , 

2 </B (n>) L v 7 
x d w [x|exp^ ? |]}dy, 



where g^ q are the components of 1 in geodesic normal coordinates. Using similar arguments 
as in the proof of Lemma 16.21 we find that 



h,i,e M = ~^-Je (W eM ) + o (S e (t) 2 ) (6.69) 



drji 



T7=0 



as e — > 0. Now, we estimate l2,i,e,t,£- Since g% defines conformal normal coordinates of order 
N > 5, see Lee-Parker [271 Theorem 5.1], we get that 

d yi [Scal fle oexp^] (y) = O (\y\) , ^ [ |exp*^| ] (y) = O ( M^ 1 ). (6.70) 

Since d Vi [gf 1 ] (y) = O (|y|), by using Holder's inequality and (I6.70p . we find that 

I 2 ,i,eM-O(\\d g$ (;0 VW eM 1 1 2 1 1 V0 £ , 4 , C 1 1 + (| | d g$ (• , e) W eM 1 1 ^ 

n+2 n+2 / / 
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In dimension n — 4, rough estimates give that 



\\d g( (;Z)VW eM \\ 2 = O (S £ (t) y/\ln5 e (t)\), ||^ (-,0^11^. = O (5 e (t)), 

n+2 

\\W sM \\^ = 0(5 E (t)), and \\ d 9 A-^f~ 1 W^ 1 \\^ = 0{5 e (t) 3 ). (6.72) 

71 + 2 ' ' 71 + 2 

It follows from ljB77I)) - <IE772]) and from Sobolev's embedding iJ^M) ^ L 2 *(M) that 

W S = O (<5 £ (t) >/|ln<J e (t)|||0 e , u || lj2 ). (6.73) 
It remains to estimate Iz,i, e ,t,(, an d Ii,i,e,t£- Clearly, we get that 

h^ M = 0(U eM tX (6.74) 



:-0(| 








|2 1 




(I fe>d 


| 2 . + l 





Similarly as in (14.17]) . we get that 

h,i,sM = (Jl^dl-j* + 11^.*^ 1 1 2* )• ( 6 - 75 ) 

Since ||0e-,t,cll i 2 = O ( II^AsIIl ) = O (0)) by (I6.73I) - (I6.75I) . and by Sobolev's embedding 
Hf(M) L 2 *(M), we get that 

h M M + h,i,sM + h,i,sM = O (y/iS 6 (t) 2 ) = o (5 £ (t) 2 ) (6.76) 

as e ->■ 0. Finally, it follows from (J6ZS6J, < EM\f . (Kffi$ . and (16776]) that (P3j) is (^-uniform 
with respect to £. □ 

Appendix 

In this appendix, first, we state the following result which is due to Lee-Parker [2T] . 

Lemma A.l. For any £ G M, let be as in Section^ and G gi _ be the Green's junction of the 
conformal Laplacian with respect to g^. Then the following expansions do hold: 

(i) when n = 4, 5 or (M,g) is l.c.f., 

G 9t (exp^,e) = \y\ 2 ~ n + At + O (H) , 



(ii) w/ien n = 6, 



G 3e (exp, y, £) = ft" 1 (bP 4 - -L I Weyl, (0 \) In |y| 



o(M) 



(iii) u>/ien n > 7, 

i2 



G 9< = ^ (l + ^L_(_^| Weyl 9 (« |J |„| 

- 9 WW [Scal ff£ oexpj (0) y^ ) ) + O (|y| 7 ~ n ) 



C 1 -uniformly with respect to y and £, where Weyl ff zs i/je Wey/ curvature tensor with 
respect to g, and for any £ G M, Scal 35 zs i/ie scalar curvature with respect to g^. 

Proof. We refer to Lee-Parker [2"Tl Lemma 6.4]. The only point which is not discussed in [27] 
is the (^-uniformity of the expansions with respect to £. This point follows from standard 
arguments. □ 

Finally, let us estimate the first derivatives of the geodesic distance in the following result. 
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Lemma A. 2. For any £ £ M, let be as in Section^ and d 9i be the geodesic distance with 
respect to g^. Then there holds 

VK cxpe „ (exp^exp^) )\ v=0 = -± + O {\y\ 2 ) (A.l) 
uniformly with respect to £ £ M and y £ T^M = M", y ^ 0, \y\ <C 1. 

Proof. By compactness of M and since <?£ is smooth with respect to £, we get that there exists 
a positive real number r such that r < i 9( for all £ £ M, where i g ^ is the injectivity radius 
of the manifold (M,g^j. For any £ £ M, we let Eo (r ) be the ball in T € M = R n of center 
and radius tq. For any £ £ M and y E Bo (ro) \ {0}, we write that 

V ( rf 5ex P? „ (exp 5 2/, exp 5 77) ) | ^ = V « xps „ (exp € y,£) ) | ^ + V (exp € y , exp ? 77) ) | v=Q . 

(A.2) 

We begin with estimating the first term in the right hand side of (LA.2j) . Since we have chosen 
At so that A(. (£) = 1 and (£) = 0, we get that 

^exp e r, (exp ? y) = yl s (exp^y) (l + O (|y| 2 + |r/| 2 )) 

uniformly with respect to £ £ M and y, 77 £ B (r ). It follows that 

rf 9cx P5 „ (exp ? y,£) = d 9c (exp € y,£) (l + 0(|y| 2 + |77| 2 )) = |y| + (|y| 3 + |y| \r]\ 2 ) , 

and thus we get that 

VK cxp? ,(exp^,£))| r , =0 = O(b| 2 ) (A.3) 

uniformly with respect to £ £ M and y £ B (r ). Now, we estimate the second term in 
the right hand side of (IA.2[) . For any £ £ M and 77 £ TgM, we let T^ exp(V M and exp^ jexp 
be the respective tangent space and exponential map at exp^?7 with respect to g%. For any 
77 £ Bq (ro), we identify T^ exp? ^M with K n thanks to a local orthonormal frame, parallel at £. 
For any f = 1, . . . , n, £ £ M , and y £ B (r ) \ {0}, we get that 



(d fle (exp e 7/,exp ? 77)) _ = ^ ^^-(exp^ 1 exp ? y) (A.4) 



r?=o ^ 1 2/ 1 drj. 



77=0 



We claim that for any i,j = 1, . . . , n, there holds 

^"(^Pip^^P^),!^ = + O (\y\ 2 ) (A.5) 

uniformly with respect to £ £ M and 7/ £ B (r ), where the ^'s are the Kronecker symbols. 
We prove this claim. For any j — 1, . . . , n, £ £ M and 77, 7/ £ B Q (r ), we define 

Clearly, Sj^ (y, 77) is smooth with respect to £, 7/, and 77. In order to prove the Taylor expansion 
(1A.5|) . we compute the first and second order derivatives of Sj^ (y, 77) with respect to y and 77. 
Since the frame is parallel at £, we get that Sj^ (0, 77) = —rjj for all 77 £ Bq (ro). Differentiating 
this equation gives that 

d v £ M {0,0) = -5 lJ and d mVk S M (0, 0) = (A.6) 

for all k = 1, . . . , n. We also remark that Sj^ (y, 0) = yj for all y £ B (r ), and thus we 
get that 

d yi £ u (0,0) = Stj and ^%(0,0) = (A.7) 
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for all i,j,k — l,...,n. As a third equation, we find Sj^(y,y) = for all y G B (r ). 
Differentiating this equation and using (IA.6j) and flA.7j) . we find that 



d mvH £ 3£ (°> °) 



--(^Aao,o) + ^ fc ^(o,o)) = o 



(A.{ 



for all k = l,...,n. f)A.5j) follows from (IA.6I) and (IA.8I) . Finally, (lA.lj) follows from 
(IA.2p - flA.5p . This ends the proof of Lemma IA31 □ 
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